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�Õ�^�q�¯�S�U���‡�l�o�M�”�í���›�Ð�‚�”�g�æ · · · (∗)

�q�M�O���[�›�>�;�`�h�M�q�¥�M�‡�b�} *1�®�Õ�^�•�¯�S�s�œ�o	s�Š�T�’�˜�T�l�o�M�”� �̄q�¥�l
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�M�V�s�“�2�?�¶�› (∗) �w�‘�O�t���[�^�•�o���í�`�o�M�”
��‹�M�”�T�‹�`�•�‡�d�œ�}�\

�\�p�|
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*1 �ù�è�2�?�w
ã�F�p�K�”�ù�è�í���t�x�|
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�p�x�ù�è�2�?�x�2�?�¶�p�x�s�M�q�M�O�\�q�t�s�l�o�`�‡�M�‡�b�}�ù�è�2�?�‹�A�Å�`�h�‘�O�s�‘�“�q�E�$�s

�2�?�¶�w���[�w
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‡�â�”�«�æ�¿�Å�2�?
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�²�h�j�U
Ó�ˆ�–�l�o�M�” �Õ�^�q�¯�S�U

���‡�l�o�M�”�í���¢�â�”�«�æ�¿�Å�í���£ *2�›�Ð�‚�”�g�æ

�q���[�`�‡�`�•�O�}�\�w���[�t�0� �`�o�| 
‡�â�”�«�æ�¿�Å�2�?�¢ non-Euclidean

geometry�£ �›�|

�²�h�j�U
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�”�q�¥�l�o�X�i�^�M�¢
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�‡�l�o�M�”�Õ�^�•�¯�S�x�|�‹�j�–�œ�â�”�«�æ�¿�Å�í���w�‹�w�q�x�Ÿ�s�“�‡�b�}�\�•�‘�“�|

�Û�ï�¯�Ñ�µ�©�”�í���w�g�æ�›�Û�ï�¯�Ñ�µ�©�”�2�?�q�z�•�\�q�t�b�”�q�|

�Û�ï�¯�Ñ�µ�©�”�2�?�x
‡�â�”�«�æ�¿�Å�2�?�p�K�”

�q�ß�Q�’�•�”�\�q�U�˜�T�“�‡�b�}


²�”�V�U�Õ�X�s�“�‡�`�h�U�|�Í�w
…�T�’�é�.�$�t
ì�0
Q�g�æ�t�m�M�o�ß�Q�o�M�X�\�q�t

�`�‡�`�•�O�¢�®�2�?�¯�t�m�M�o�‘�“
��X�Œ�“�h�M
��x
Ç�å D �w�°�¡�›
¨�Š�‡�b�£�}

2 �›	�
ì�0
Q�g�æ��	.

�\�w
…�p�x�|�›	�
ì�0
Q�g�æ�w�“�A�›�r
†�`�‡�b�}�é�.�$�t�x�|

• �›	�
ì�0
Q�g�æ�w�®�›	��¯�q�®
ì�0�¯�q�x

• �›	�
ì�0
Q�g�æ�w 2 �m�w�j�g�¢�›	�
ì�0
Q�j�g�q�«���S
Æ�!�w�j�g�£

• 	Í�G�w�j�g�T�’�‹�T�•�”�7�‘�s�q	Å�¢�Ì���w�—�•�|�Õ�^�w	V�ˆ�| E = mc2�£

�t�m�M�o�|
†�Ì�`�h�M�q�¥�M�‡�b�}

2.1 �®�›	��¯�q�®�°
`�¯


ì�0
Q�g�æ�x�|�›	�
ì�0
Q�g�æ�q�°
`
ì�0
Q�g�æ�w 2 	��¨�t
ü�Z�’�•�‡�b�}�G�v�ú�t	{

�Z�y�|�›	�
ì�0
Q�g�æ�x�,
Å�w�g�æ�p�|�°
`
ì�0
Q�g�æ�x�›	�
ì�0
Q�g�æ�›
C�2�^�d�h�g

�æ�q�M�O�\�q�t�s�“�‡�b�}
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ì�0
Q�g�æ�x�K�”
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��U�|�°���w���S�p
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†�Ì�`�‡�b�U�|�K�”
ú�g�q	Å�›
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‡	×�t	O�A�s�ð�J�p�K�”�\�q

�t�«�™�`�o�X�i�^�M�£�}�f�•�t�0�`�o�°
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ì�0
Q�g�æ�p�x�|�
��	��U�C���`�s�U�’�ˆ�M�o
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�›	�
ì�0
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�q�M�O�™�¯�p�b�}�\�\�p�|�
���b�”�‹�w�×�.�x�C���`�o�M�o�‹�Ï�M�‡�d�œ�}

�‡�h�|
²
…�p�x
ì�0
Q�g�æ�›�®�Ì���|�í���|
ú�í�›�w�°�`�h
ú�g�g�æ�¯�q	\�‚�‡�`�h�}

�f�w�����p
†�Ì�b�”�q�|

�›	�
ì�0
Q�g�æ�q�x�Ì���q�í���›�w�°�`�h
ú�g�g�æ

�q�ß�Q�”�\�q�U�p�V�‡�b�} *3

�Š�è�[�p�x�|�›�t�›	�
ì�0
Q�g�æ�›�{�O�\�q�t�`�‡�b�}�f�w�g���q�`�o�|�°
`
ì�0
Q�g

�æ�›	—�`
��Ø�è�t�{�S�O�q�b�”�q�T�s�“�ô�S�s
:�¶ *4�›
ž�A�q�s�”�°�M�p�|�›	�
ì�0
Q�g

�æ�w�“�
�›�Œ�”�t�K�h�l�o�x�f�\�‡�p�ô�S�s
:�¶�Œ�Ý�›�A�{�^�•�s�M�T�’�p�b�}�h�i�`�|

�›	�
ì�0
Q�g�æ�w
c�]�p�K�l�o�‹�|�Ú�ò�t
S�b�”�‘�O�s�µ�¯
��M�q	Å�t�m�M�o
†�Ì�b�”�\

�q�U�D�ó�p�b�w�p�|�¸�`�Š�”�\�q�x���§�M�s�M�q�¥�M�‡�b�} *5

2.2 �®
ì�0�¯�q�®
ˆ�0�¯

�\�w�ò�p�x�|
ì�0
Q�g�æ�w�®
ì�0�¯�q�x�?�T�q�M�O�\�q�›�å�{�`�o�M�X�\�q�t�`�‡�`�•

�O�}�®
ì�0�¯�q�M�O�t�?�›�Ù	{�›�¾�M�o�ˆ�”�q�|� ���q�w�����w	Í�t���O�K�”�M�x
R�q�`�o

�M�”�\�q�¡�¢�Ã�´�»�ç�G�Ù
˜�£�q	{�T�•�o�M�‡�`�h�}�‹�O	—�`�Ø�ˆ�E�M�o
†�Ì�b�”�q�|

�®
ì�0�¯�q�x�?�›�,	j�t�`�o�ß�Q�”�T�p�!�˜�”�\�q

�q�M�l�h�ò�a�p�b�}

�¥
µ�p�b�U�|�Ž�<�w�ð�J�›�ß�Q�o�ˆ�o�X�i�^�M�•

2 �Í�M���Ü x2 + 3x+ 2 = 0 �›�r�Z

*3 �°
`
ì�0
Q�g�æ�p�x�|�Ì�í�¢�Ì���q�í���£�w���È
Q�t�C�Q�o�|
ú�í�U�Ì�í�t�)�Q�”�è�¹�‡�p
†�Ì�b�”�\�q

�U�p�V�‡�b�}�Ì�í�q
ú�í�w�����›�G	\�b�”�M���Ü�›�|�ž� �ï�³�á�»� �ï�w�M���Ü�¢	O�—	Ô�w�M���Ü�£�q�M

�M�‡�b�}�ž� �ï�³�á�»� �ï�w�M���Ü�x�|�Â�ï�¹�ç�q�z�y�•�”�|�2
ª�%�t�‘�’�s�M���Ü�p
¯�q�^�•�o�M�‡�b�}
*4 �æ�”�Ú�ï�2�? (Riemannian geometry) �›�Ñ�ç�Æ�;�`�‡�b�}�æ�”�Ú�ï�2�?�q�x�|
‡	×�t���o�t	{�Z

�y�|�¤�:�p�º
u�U�)�Q�’�•�o�M�”�®�Â�U�l�h�¯�í���p�2�‰�^�•�”�2�?�q�M�l�h�ò�a�p�b�}
*5 
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:�¢���!
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�y�|�›	�
ì�0
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¢�á�ˆ�›�ß�Q�”�\�q�x�|�®�‡�l�b�Y
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¢�á�ˆ�x�|�Ì���q�í���¢�!�•�£�q�M�O�!
:�t�m�M�o�|

1 �Í�Ü�p	{�Z�”�\�q�t�«�™�`�o�X�i�^�M�£�}�°�M�|�°
`
ì�0
Q�g�æ�¢�C���S�~	O�—�U�‡�X	Ô�ù�£�›�ß�Q�”�t

�x�|�®�Â�U�l�h� �̄í���›�ß�Q�”
ž�A�U�K�“�‡�b�¢	O�—�U�í���›�®�Â�[�”� �̄T�’�p�b�£�}�\�w�‘�O�s�g���T�’�|

�°
`
ì�0
Q�g�æ�›�{�O�h�Š�t�x�|�®�‡�l�b�Y�s�¯�í���w�g�æ�¢
¢���E
:�£�i�Z�p�s�X�|�®�Â�U�l�h�¯�í���w

�g�æ�¢�æ�”�Ú�ï�2�?�£�U
ž�A�t�s�”�w�p�b�}
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�^�o�|�\�w�ð�J�x���o�p�`�•�O�T�|�f�•�q�‹�É�`�M�p�`�•�O�T�}�¤�¶�°�å
\�U���M�\�w�­

�è�p�x�|�®�É�`�f�O�¯�q�t�Q�”
��U���M�T�‹�`�•�‡�d�œ�}�`�T�`�|�ô�Í�Ë�å
\�t�	�M�h�’

�®���o�i�¯�q�t�Q�”
��`�T�M�s�M�p�`�•�O�}�\�w�‘�O�t�|�® 2 �Í�M���Ü�w�É�`�^�¯�x�m�t�ð

�O�T�t�‘�l�o�Ÿ�s�”�\�q�T�’�|
ì�0�$�s�‹�w�p�K�”�q�M�Q�‡�b�}

�\�\�p�|�®
ì�0�¯�q�M�O�“�æ�›�‘�“�g�r�b�”�h�Š�t�|�f�w
S�™� �p�K�”�®
ˆ�0�¯�t�m�M

�o�ß�Q�o�ˆ�”�q�|

�®
ˆ�0�¯�q�x�?�›�,	j�t�`�‘�O�U�!�˜�’�s�M�\�q

�q�M�l�h�™�¯�p�b�}�p�x�|���S�x�Í�w�‘�O�s�ð�J�›�ß�Q�o�ˆ�o�X�i�^�M�•

�æ�”�Ú�ï�'
Ý *6�w
��P�›���Š�|�f�•�›	Â�Ì�`�–

�\�œ�s�\�q�›�ð�˜�•�h�’�|�…�^�œ�x�‹�j�–�œ�|
H�„�¤�w
:�¶	��U�«�Ž�s�X�®�É�`�M�¯�q�t

�Q�”�\�q�p�`�•�O�}�`�h�U�l�o�|�®�æ�”�Ú�ï�'
Ý�w	Â�Ì�w�É�›�S�¯�x�m�t�ð�S�O�U�É�`�M

�q�t�Q�”�t�§�M�s�M�w�p�|�¢	—�s�X�q�‹�q�Ì�:�p�x�£
ˆ�0�$�s�‹�w�q�M�Q�‡�b�}

�\�\�p�|

�²�h�j�w�Ô	×�ò�®�p�x�Ì���•�í���w�“�æ�x
ˆ�0�$�s�‹�w�p�K�”

�q�M�O�\�q�›�«�™�`�o�S�V�‡�b�}�m�‡�“�|�I�T�s�¡�)�›�Á�¹�b�”�w�p�K�•�y�|�®�²�w�Ì�-

�p�-�l�h 1 
µ���¯�q�®�K�s�h�w�Ì�-�p�-�l�h 1 
µ���¯�x�°	y�p�K�“�|�®�²�w
ú�)�`�p���l

�h 1cm� �̄q�®�K�s�h�w
ú�)�`�p���l�h 1cm� �̄x�°	y�q�M�l�h�ò�®�p�b�}�\�w�‘�O�s�ò�®�t

�Y�ð�›�Ë�m
��x�K�‡�“�M�s�M�q�¥�M�‡�b�}

2.3 �›	�
ì�0
Q�j�g

�‡�h�‡�h�¥
µ�p�b�U�|�Ì�� 100 km �p
ø�”�?	��w�¤�p�|
��æ�M�²�t�Ì�� 100 km �p�Ø�”

�ç�›�d�[�”�q�`�‡�`�•�O�¢�h�i�`�|�?	��‹�Ø�”�ç�‹�C���~�n���x�°
~�`�s�M�q�>���`�‡�b�}

�Ž�ñ�|�\�w�\�q�x�M�j�M�j�…�’�s�M�\�q�t�`�‡�b�£�}�\�w�q�V�|�?	��w�Ž�t�M�”
��T�’�x

�Ø�”�ç�w���^�x�Ì���? km �t�_�Q�”�p�`�•�O�T�}�t�Q�x���o�p�b�v�} 100 + 100 = 200 �‘

�“�|�t�Q�x�Ì�� 200 km �p�b�}�°�M�|�?	��w�¤�t�M�”
��t�q�l�o�x�|�‹�j�–�œ�Ø�”�ç�w��

�^�x�Ì�� 100 km �w�‡�‡�p�b�}�\�w�‘�O�t�|

*6 �æ�”�Ú�ï�'
Ý�q�x�|
É
:�w
ü
Í�t���b�”�Ò���Ê�s�°�r�>�ð�J�p�b�U�|�K�‡�“�w�É�`�^�t 100 �ª�Å�ç�w�R

	Æ�Ú�U�»�Z�’�•�o�M�‡�b�}�f�w�‘�O�s�ð�J�x�Û�è�Ç�ž�Ü�R	Æ�ð�J�q�‘�y�•�o�S�“�|�æ�”�Ú�ï�'
Ý�w���t�‹

�‡�i 6 �m�w�°�r�>�ð�J�U�’�^�•�o�M�‡�b�}
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�
���b�”
��t�‘�l�o�Ø�”�ç�w���S�x�!�˜�l�o�_�Q�”�w�p�|�Ø�”�ç�w�á�ˆ�x
ì�0�$�p�K�”

�q�ß�Q�”�\�q�U�p�V�‡�b�}�f�w�‘�O�s���S�w�_�Q�M�› 
ì�0���S �q�M�M�‡�b�}

�®�Ø�”�ç�w�á�ˆ�x
ì�0�$�¯�q	{�V�‡�`�h�U�|�²�h�j�x
Ó�ˆ�|�Ø�”�ç�Ž�Ž�w�á�ˆ�‹
ì�0�$

�t�
�Q�o�M�‡�b�}�q�M�O�w�‹�|�®�Ì�� 100 km�¯�w�?	��q�M�l�h�q�V�|�f�•�x�®�•	Í�T�’

�-���`�o�Ì�� 100 km�¯�q�
�Q�”�w�U
Ó�è�p�b�}�`�T�`�|�î�M�t�x�²�h�j�w�•�Ø�x�>�`�o


i�­�`�o�M�‡�d�œ�}�•�•�x�×�8�›�`�|� �E�w	*�“�›�¬�8�`�o�M�‡�b�v�}�m�‡�“�|�²�h�j�x

�®�•�Ø�x
i�­�`�o�M�”�¯�q�ˆ�s�`�o�|�á�ˆ�›
ì�0�$�t�
���`�o�M�”�w�p�b�}

�\�\�p�ö�M
��x�|�®�á�ˆ�›
ì�0�$�t�ß�Q�”�w�x�M�M�U�|�r�w	Ô	t�›�,	j�t�ß�Q�”�T�p
ú

�g�O���x�!�˜�l�o�`�‡�˜�s�M�w�T�•�¯�q�M�O�Y�ð�›�Ë�m�T�‹�`�•�‡�d�œ�}�\�w�Y�ð�t�0�b

�” 1 �m�w�t�Q�U �¨�æ�è� �w
ì�0
Q�j�g �p�b�}�¨�æ�è� �w
ì�0
Q�j�g�q�x�| �
��	��w�M�”	Ô

	t�U
i�­�`�o�M�o�‹�|�ˆ�M�o�M�o�‹�|�f�•�U�s���p�^�Q�K�•�y�|
ú�.�w�á�ˆ�t���b�”�O��

�x�‰�°�p�K�” �q�M�O�j�g�w�\�q�p�b�}

�`�T�`�|�¨�æ�è� �w
ì�0
Q�j�g�t�x�G�V�s�=���U�K�“�‡�`�h�}�f�•�x�|

�¨�æ�è� �w
ì�0
Q�j�g�x�?�Ó�>�¶�w�O���t�x�&�;�p�V�s�M

�q�M�O�\�q�p�b�}�?�Ó�>�¶�q�x�f�w�Ê�w�è�“�|�?�>�q�Ó�>�t���b�”�q	Å�›�{�O
ú�g
ü�ú�w

1 �m�p�K�“�|�g�æ�$�t
‡	×�t
T�l�h
ü�ú�p�b�}�f�w�‘�O�s
T
µ�q�`�h�g�æ�.�%�t�¨�æ�è� 

�w
ì�0
Q�j�g�›�&�;�p�V�s�M�\�q�t�Y�ð�›�ò�a�h�ž� �ï�³�á�»� �ï�x�|�¨�æ�è� �w
ì�0
Q

�j�g�›�¦�Á�`�o�|

�
��	��w�M�”	Ô	t�U
i�­�`�o�M�o�‹�ˆ�M�o�M�o�‹

�f�•�U�s���p�^�Q�K�•�y �b�‚�o�w
ú�g�O�� �x�‰�°�p�K�”

�q�M�O�| �›	�
ì�0
Q�j�g�¢ special principle of relativity�£ *7�U
R�“�q�m�‘

�O�s
ú�g�¶�¢
ì�0�æ�£�›��	•�`�h�w�p�`�h�}�\�w�›	�
ì�0
Q�j�g�›�>���b�”�\�q�t�‘�l

�o�|	×�Ý�q�x�T�Z�m�•�h�\�q�U	ý�h�t�>���^�•�o�`�‡�M�‡�b�}�f�•�x�°�. · · · �•

*7 �› 	� 
ì �0
Q�j �g�t �K�”�®�s�� �¯�w�>�� �› �Ž�`�h�‹�w�›�| �°
` 
ì �0
Q�j �g�¢ general principle of

relativity�£ �q�M�M�‡�b�}�b�s�˜�j�|�°
`
ì�0
Q�j�g�q�x�| �®�b�‚�o�w�2
ª�%�t�S�M�o�|
ú�g�O���x
Æ�!

�p�K�”�¯ �q�M�O
‡	×�t
’�`�M�j�g�p�b�}�\�•�›
:�¶�w�t�?�t�‹���b�•�y�|�®�b�‚�o�w
ú�g�O���x�Â�ï�¹�ç

�t���b�”�M���Ü�p
¯�^�•�”�¯�q�M�O�\�q�t�s�“�‡�b�}
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2.4 �«���S
Æ�!�w�j�g


µ�� 10 �ª km �w�é�­�¿�Ä�t	Ð�l�h
��U�|�é�­�¿�Ä�w�¤�p
��æ�M�²�t
µ�� 30 �ª km �w

�«�›
C�`�h�q�`�‡�b�}�b�”�q�|�é�­�¿�Ä�w�Ž�w
��T�’�ß�Q�”�q�|�f�w�«�x
µ���? km �t�_

�Q�”�p�`�•�O�T�}�^�V�„�r�w
ì�0���S�w�-�‰�›�¥�M�&�d�y�| 10 + 30 = 40 �‘�“�|
µ�� 40

�ª km �t�_�Q�”�p�`�•�O�}�q�\�–�U�| �î�g�›�`�o�ˆ�”�q�f�O�x�s�“�‡�d�œ�} �p�x
µ���?

km �t�_�Q�”�w�p�`�•�O�T�}�t�Q�x�|
µ�� 30 �ª km�|�b�s�˜�j�|

�°���w���S�p�ˆ�X�
��	��T�’�_�”�q�«���x�!�=�`�s�M *8

�w�p�b�}�\�•�›�| �«���S
Æ�!�w�j�g (principle of invariant light speed)

�q�M�M�‡�b�}�m�‡�“�|

�«�x
ˆ�0�$�s�á�ˆ�›�b�”

�q�M�O�\�q�p�b�}�î�M�| 1964 �å�t CERN �q�M�O�ä�”�é�¿�Í�w�Z�€�;�Ï�U�Í� �¤��� �q�M

�O�{� �›�;�M�o�«���S
Æ�!�w�j�g�›�î	Â�`�‡�`�h�}�\�w�î�g�›�x�a�Š�q�`�h�|�\�•�‡�p
H

�„�¤�p�æ�˜�•�o�V�h
:�‘�w�î�g�w�¤�t�|�«���S
Æ�!�w�j�g�t
S�b�”�‘�O�s�«�x�_�m�T�l�o

�M�‡�d�œ�}

�f�w�‘�O�s�î�g�U�p�V�”�Ì�E�p�‹�s�M�w�t�|�ž� �ï�³�á�»� �ï�x�s�e�«���S
Æ�!�w�j�g

�s�r�q�M�O�Ú�ò�t
S�b�”�‘�O�s�‹�w�›�j�g�q�`�h�w�p�`�•�O�T�}�f�•�t�x
²�ò�p	\�‚�h�›

	�
ì�0
Q�j�g�t�����U�K�“�‡�b�}�q�M�O�w�‹�| �«���w�‹�x�î�x�?�Ó�>�¶�w�O���T�’�‹�T�•

�” �‹�w�p�b�}�`�h�U�l�o�|

�›	�
ì�0
Q�j�g�›�>���b�•�y�|�«���S
Æ�!�w�j�g�x�A
e�^�•�o�`�T�”�‚�V�>���t�s�”

�w�p�b�}�s�e�s�’�|�«���x�?�Ó�>�¶�w�O���T�’�×�ˆ�$�t�>�‡�”�‹�p�K�”�h�Š�‹�`�«���U�


��	��t�‘�l�o�!�˜�l�o�`�‡�l�h�’�?�Ó�>�¶�w�O���‹�
��	��t�‘�l�o�!�˜�l�o�`�‡�O�\�q�t

�s�“�|�?�Ó�>�¶�w�O���U�
��	��t�‘�l�o�!�˜�l�o�`�‡�l�h�’�®�b�‚�o�w
ú�g�O���x�
��	�

�t�‘�’�s�M�¯�q�M�O�›	�
ì�0
Q�j�g�t�Ã	l�`�o�`�‡�O�T�’�p�b�}

�Í�ò�p	\�‚�”�‘�O�t�|�\�w�«���S
Æ�!�w�j�g�T�’�²�h�j�w�Ú�ò�t
S�b�”�‘�O�s�7�‘�s�q

	Å�U�‹�T�•�o�`�‡�M�‡�b�‚�«���S
Æ�!�w�j�g�\�f�|�›	�
ì�0
Q�g�æ�w�©	ú�q�M�l�o�‹�a�t

�p�x�K�“�‡�d�œ�}

*8 �h�i�`�|
��í�U�!�˜�•�y�«���x�!�=�`�‡�b�}
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2.5 �«���S
Æ�!�w�j�g�T�’�w�<�A 1

�\�w�ò�p�x �Ì�-�w�—�• (time dilation) �t�m�M�o�r
†�`�h�M�q�¥�M�‡�b�}�Ì�-�w

�—�•�q�x�?�T�|�A�æ�T�’
Œ�t	{�M�o�`�‡�Q�y�|

�ˆ�M�o�M�”�‹�w�w�Ì���x
��ˆ�M�U�—�X�s�”

�q�M�O�\�q�p�b�}�m�‡�“�|�® A ���T�’�_�o�| A ���w�Ì�-�p 10 
ü�&�a�`�h�q�V A ���t�0�`

�o�ˆ�M�o�M�” B ���w�Ì�-�x�‡�i�

ü�`�T�&�a�`�o�M�s�M�¯�q�M�O�‘�O�s�\�q�U�I�\�“�O

�”�w�p�b�}�\�œ�s�\�q�›�¥
µ�t�˜�•�o�‹�|�Ô	×�w�&�g�t	°�’�`�ù�˜�d�h�’	ô�a�”
��x�M�s

�M�q�¥�M�‡�b�T�’�|�î�M�t�f�w�%�p
Q�›
†�Ì�`�h�M�q�¥�M�‡�b�}�Ž�ñ�|���o�w�h�Š�t�«��

�x
µ�� 30 �ª km �p�K�”�q�`�‡�b�} *9�‡�h�|�Ž�<�w 2 �m�›�>���b�”�\�q�t�`�‡�b�•

• �«�w�Ú
�
Q�¢�«�w�J
{�U�Ú
¢�p�K�”�\�q�£ *10

• �«���Ž	Í�w���S�p�á�ˆ�b�”�‹�w�x���O�`�s�M

�f�•�q�‹�O 1 �m�|���Ê�s �Ð�»�°�å�µ�w���g �›�\�w
Œ�p�;�M�”�w�p�|�æ�w�h�Š	\�‚�o�S�V

�‡�b�}

�Ð�»�°�å�µ�w���g �y�Ú�¯�~�¯���w�ü�%�w�Õ�^�w

2 	Ð�x�|�’�“�w 2 �%�w�Õ�^�w 2 	Ð�w�è�t�s�`�M�}

�b�s�˜�j�|�È
$�t�S�M�o�|

a2 + b2 = c2

�U
R�“�q�m�}

�p�x�‡�c�|�\�w�™�w�^�æ�p�q�o�‹	O�A�t�s�” �«�Ì�- (light clock) �›�‹�Ö�`�‡�`�•

�O�}�«�Ì�-�q�x�|
C�«
÷�”�T�’ 15 �ª km �w�‘�m�›�´�o�o�¸�U�”�T�•�o�M�”�Š�G�s�u�p�z

�«�›�L�l�o�T�’
S�ù�`�o�í�l�o�R�”�‡�p�w�Ì���›�

µ�q�ˆ�s�b�Ì�-

�p�b�¢
$ 2.1�£�}

*9 �k�µ�t�x�|�®�«���x���v�p�K�”�¯�q�M�O�>���U�Ö�l�o�M�‡�b�}
*10 	O�—�w�è�¹�›�ß�Q�”�q�«�x�Â�U�l�o�`�‡�M�‡�b�U�|�f�•�x�°
`
ì�0
Q�g�æ�w
c�]�s�w�p�\�\�p�x�ß�Q�s�M

�\�q�t�`�‡�b�}
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$ 2.1

�^�o�|�\�w�«�Ì�-�›�•	Í�t�”�M�h�q�`�‡�b�¢�Ž�<�|�?	��w�Ž�w�\�q�›�|�•	Í�q�z�•�\�q

�t�`�‡�b�£�}�«�Ì�-�w���[�T�’�Ì�’�T�p�b�U�|�«�x 1 
µ���T�Z�o�Ì�-�›��
î�`�‡�b�}�Í�t�|

�\�w�«�Ì�-�›
+���M�²�t
ø�”�?	��t	Ð�d�h�q�`�‡�b�}

2.2 
…�p	\�‚�h�‘�O�t�Ì���U
ˆ�0�$�s�‹�w�p�K�”�q�M�O�\�q�›
²���t�b�•�y

�«�Ì�-�U�?	��w�Ž�t�K�–�O�U�º�t�K�–�O�U�|��
î�b�”�w�t�T�T�”�Ì���x 1 
µ�t�>�‡�l�o�M

�”�q�M�O�w�U�Ô	×�ò�®�p�b�}�î�M�|�‹�l�q�˜�T�“�•�b�X�s�”�‘�O�t�|�•	Í�q�?	��º�p�‰�Ì

�t�Ø�”�ç�›	��T�’�X�q�b�q�M�O	Ý�¯�›�ß�Q�o�ˆ�o�X�i�^�M�}�•	Í�w�-��	��T�’�ˆ�o�|�Ø�”

�ç�U	š�t�x�a�b�”�‡�p�w�Ì���x�•	Í�i�–�O�U�?	��º�i�–�O�U�!�˜�’�s�M�\�q�x�Ì�’�T�p

�`�•�O�}

�`�T�`�|

�«���S
Æ�!�w�j�g�›
²���t�b�•�y

�\�w�\�q�x
R�“�q�j�‡�d�œ�}�f�w�g���›
†�Ì�`�‡�`�•�O�}�Ù� �ï�Ä�x�|

�•	Í�w
��T�’�_�”�q�|�«�Ì�-�w�«�o�T�’	Z�h�«�x�ü�Š�t
��œ�p�_�Q�”

�q�M�O�\�q�p�b�}�s�e�s�’�|�?	��x�•	Í�w
��T�’�_�”�q�ˆ�M�o�M�”�w�p�|�«�Ì�-�×�.�‹�ˆ

�M�o�_�Q�”�T�’�p�b�¢
$ 2.2�£�}�j�s�ˆ�t�|�«�p�x�s�X�Ø�”�ç�p�K�l�h�’�f�w�J
{�x�¢�á�ˆ

�M���Ü�›�r�Z�y�˜�T�”�‘�O�t�£�L
ú
¢�t�s�“�‡�b�}�«�w�Ú
�
Q�w�>���U�\�\�t�®�M�o�M

�‡�b�}

9




$ 2.2

�\�w�ü�Š�t
��‰�«�w�&�Ï�p�b�U�z�\�•�x�Ð�»�°�å�µ�w���g�T�’�|
(�Ú�M�²�‘�“�‹�Õ�M�‘

�m�p�b�}�`�T�`�|

�«���S
Æ�!�w�j�g�‘�“�«�x�K�’�•�”�M�²�t�°���w���S�p�ˆ�X

�w�p�|�•	Í�w�«�Ì�-�p�«�U�¸�t�x�a�b�”�Ì���¢ 0.5 
µ�£�p�x�|�?	��º�w�«�Ì�-�w�«�x�‡�i

�¸�w	Ô	t�t�x�x�a�p�V�‡�d�œ�}�s�e�s�’�|���“�&�`�t�s�“�‡�b�U�|�ü�Š�M�²�w�&�Ï�w�M�U


(�Ú�M�²�w�&�Ï�‘�“�‹�Õ�M�T�’�p�b�}�m�‡�“�z�•	Í�w
��T�’�_�”�q�|�•	Í�w�«�Ì�-�w 0.5


µ�›�¦�`�o�M�”�Ì�:�p�ˆ�M�o�M�”�«�Ì�-�x�‡�i 0.5 
µ�›�¦�`�o�M�s�M�w�p�b�}�¸�t
S�ù�`

�o�í�l�o�X�”	Ô�ù�‹�‰�a�Ì���U�T�T�”�w�p�|

�•	Í�w
��T�’�_�o�|�•	Í�w�«�Ì�-�U 1 
µ�›�¦�b�q�V

�?	��º�w�«�Ì�-�x�‡�i 1 
µ�›�¦�`�o�M�s�M

�q�M�O�\�q�t�s�“�‡�b�}�\�•�U�|�Ì���U�—�•�”�¢�•�l�X�“
��‰�£�q�M�O�™�¯�p�b�}

�f�•�p�x�|�é�.�$�t�r�•�Y�’�M�Ì���U�—�•�o�`�‡�O�T�›�-�‰�`�o�ˆ�‡�`�•�O�}�\�\�p�|

�«�Ì�-�w�ô�^�x 15 �ª km �p�`�h�U�|�–�s�f�w
:�›	{�X�w�x�Ø�W�s�w�p�|�«�Ì�-�w�ô�^�›

a �q�S�M�o�`�‡�M�‡�b�}�‡�h�|�•	Í�w
��T�’�_�o�|�?	��x
+���M�²�t	×�t���S v �p
ø�l�o

�M�”�q�`�‡�b�}�^�’�t�|�«���› c �q�S�V�‡�`�•�O�}�M�‡�w	Ý�¯�›�‘�“�‘�X�g�r�b�”�h�Š

�t�|�«�w�&�Ï�i�Z�›	��“	Z�`�o�ˆ�‡�b�¢
$ 2.3�£�}	š�w�«�o�w�•�”�› A�|�¸�p
S�ù�`�h�•�”

�› B�|	š�t�x�£�`�h�•�”�› C �|�^�’�t�|�: B �T�’	š�t�<�–�`�h
(
¢�w�
�› D �q�`�‡�b�}
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$ 2.3

�^�o�|�•	Í�w
��T�’�_�h�?	��º�w�«�w��
î�Ì�� T �›�|�Ž�<�w	�	q�p�{�Š�o�ˆ�‡�`�•�O�}

Step 1 
¢
ü AD �w�Õ�^�›�{�Š�”

�?	��w���S�x v �s�w�p�|�% AC �w�Õ�^�¢�?	��U
��œ�i�‘�m�£�x vT �p�b�v�}�\�\

�p�|�~�¯�� BAC �x�Ë�s�%�~�¯���s�w�p�|�: D �x�% AC �w�¤�:�p�K�”�\�q�t�«�™

�`�o�X�i�^�M�}�‘�l�o�|
¢
ü AD �w�Õ�^�x vT/2 �t�s�“�‡�b�}

Step 2 
¢
ü AB �w�Õ�^�›�{�Š�”

�«�w�"�“�w�&�Ï AB �w�Õ�^�›�{�Š�‡�`�•�O�}
¢
ü AB �w�Õ�^�› l �q�S�V�‡�b�}�\

�\�p�|�~�¯�� ABD �x�Ú�¯�~�¯���s�w�p�| �Ð�»�°�å�µ�w���g �U�–�Q�‡�b�}
¢
ü BD

�w�Õ�^�¢�«�Ì�-�w�ô�^�£�U a �p�K�”�\�q�t�«�™�b�”�q�|�Ð�»�°�å�µ�w���g�‘�“�|

l2 = a2 +

(
vT

2

)2

�U
R�“�q�j�‡�b�}�†�%�w���M���›�q�•�y�| l > 0 �‘�“�|

l =

√
a2 +

(
vT

2

)2

�q�s�“�‡�b�}

Step 3 T �›�{�Š�”

�K�q�x�| 2l �› �•	Í�w
��T�’�ˆ�h �«�w���S�p�Â�•�y�| T �U�{�‡�“�‡�b�v�}�\�\�p�|

�«���S
Æ�!�w�j�g�‘�“�?	��U�r�œ�s���S�p
ø�l�o�M�‘�O�U

�•	Í�w
��T�’�ˆ�h�«�w���S�x c �w�‡�‡
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�p�b�}�`�h�U�l�o�|

T =
2l

c
← �Ì�� =�‘�m�¸���S

T =
2

√
a2 +

(
vT
2

)2
c

← l �t�‹�›�E�Ö

(cT )2 = 4

{
a2 +

(
vT

2

)2
}

← �†�%�t c �›�»�Z�o�|�†�% 2 	Ð�b�”

(c2 − v2)T 2 = 4a2 ← T �t�m�M�o
T�g

T =
2a√

c2 − v2
← �†�%�› c2 − v2 �p�Â�“�|���æ���›�q�”

�q�s�“�| T �U�{�‡�“�‡�b�¢�7�™�w�!���p�b�U�| p.8 �w�>���‘�“ v < c �s�w�p�|�†	ú

�`�o�æ�O�\�q�U�p�V�‡�b�£�}

Step 4 T �›�!���b�”

�M�‡�|�«�U�«�Ì�-�›��
î�b�”�Ì���› 1 
µ�q���[�`�o�M�h�\�q�›�¥�M	Z�`�o�X�i�^

�M�}�«�Ì�-�w��
î�w�‘�m�x 2a �s�w�p�|

2a

c
= 1

�U
R�“�q�j�‡�b�v�}�\�•�›�–�Q�y�| T �x�Ž�<�w�‘�O�t�!���p�V�‡�b�}

T =
2a√

c2
(
1− v2

c2

) =
2a

c

√(
1− v2

c2

) =
1√

1− v2

c2

�‘�l�o�|

T =
1√

1− v2

c2

(2.1)

�q�s�“�‡�`�h�}�M�‡�| T �w���[�U�®�•	Í�w
��T�’�_�h�?	��º�w�«�w��
î�Ì���¯�p�K�l�h�\

�q�›�¥�M	Z�`�‡�`�•�O�}�b�”�q (2.1) �x�|�•	Í�w
��U�|�®�?	��º�w�«�Ì�-�w�«�U�¸�›
S�ù�`

�o	š�t�x�£�`�h	`��� �̄t�•	Í�w�«�Ì�-�›�_�”�q�|�•	Í�w�«�Ì�-�x�b�p�t 1/
√
1− v2/c2 
µ

�›�¦�`�o�M�”�q�M�O�\�q�›�™�¯�`�o�M�‡�b�¢�®�b�p�t� �̄q	{�M�h�w�x�|
√
1− v2/c2 < 1 �‘

�“�| 1/
√
1− v2/c2 > 1 �p�K�”�T�’�p�b�£�}�\�\�p�|�®�?	��º�w�«�Ì�-�w�«�U�¸�›
S�ù�`�o

	š�t�x�£�`�h	`���¯�q�x�|�«�Ì�-�w���[�T�’�|�®�?	��º�w�«�Ì�-�U 1 
µ�›�¦�b	`���¯�w�\

�q�p�b�}�`�h�U�l�o�|
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�•	Í�w
��T�’�_�”�q�|�?	��º�w�«�Ì�-�U 1 
µ�›�¦�`�o�M�”�q�V�t�•	Í�w�«�Ì�-�›�_�”�q

�•	Í�w�«�Ì�-�x�b�p�t 1/
√
1− v2/c2 
µ�›�¦�`�o�M�”

�q�M�O�\�q�p�b�}���È�y�T�“�p�„�U�\�œ�U�’�U�l�o�M�”
��‹�M�”�T�‹�`�•�s�M�w�p�|�î�M

�t�-�‰�`�o�ˆ�‡�`�•�O�}���^�U�«���w 12/13 
��|�b�s�˜�j�| v = 12c/13 �w�?	��›�ß�Q�o

�ˆ�‡�b�}�b�”�q�| √
1− v2

c2
=

√
1−

144
169c

2

c2
=

√
25

169
=

5

13

�s�w�p�|
1√

1− v2

c2

=
13

5
= 2.6

�q�s�“�‡�b�}�\�•�x�|

�•	Í�w
��T�’�_�”�q�|
µ�� 12c/13 �w�?	��º�p 1 
µ�&�l�h�q�V

�•	Í�p�x�b�p�t 2.6 
µ�&�l�o�M�”

�q�M�O�\�q�p�b�}

�°
`�t�| (2.1) �x�|

�K�”�
��	��t�0�`�o�ˆ�M�o�M�”�«�Ì�-�x

�
��	��w�«�Ì�-�w
1√

1− v2/c2

��—�•�”�¢�•�l�X�“
��‰�£

�q�M�O�\�q�›�™�¯�`�‡�b�}�\�w�Ì���w�—�•�é�ù�w�\�q�›�| �é�”�è�ï�À�¼�  (Lorentz

factor) �q�M�M�| γ�¢�ª�æ�³�ß���È�w�¨�ï�Ú�£�p
¯�`�‡�b�}�b�s�˜�j�|

γ =
1√

1−
v2

c2

�q�s�“�‡�b�}�\�w γ �›�;�M�”�q�|

�•	Í�w
��T�’�_�”�q�|�•	Í�w�«�Ì�-�U 1 
µ�›�¦�`�o�M�”�q�V

�?	��º�w�«�Ì�-�x�‡�i 1/γ 
µ�`�T�¦�`�o�M�s�M

�q�M�O�\�q�U�˜�T�“�‡�b�}�î�M�|�•	Í�w�«�Ì�-�U 1 
µ�›�¦�`�o�M�”�q�V�|�?	��º�w�«�Ì�-

�U x 
µ�›�¦�`�o�M�”�q�`�‡�`�•�O�}�•	Í�w
��T�’�_�”�q�|�?	��º�w�«�Ì�-�x�•	Í�w�«�Ì�-
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�‘�“�‹ γ 
��—�•�”�w�p�|
x× γ = 1

�q�M�O�Ü�U
R�“�q�j�‡�b�}�`�h�U�l�o�| x = 1/γ �q�{�‡�“�‡�b�v�}�\�w�é�”�è�ï�À�¼�  γ

�x���™
‡	×�t	O�A�s��
:�t�s�l�o�V�‡�b�}

�¬�Ý�w�h�Š�|�‹�O�°�S�é�.�$�t�-�‰�`�o�ˆ�‡�`�•�O�}���^�U�«���w 0.8 
��|�b�s�˜�j�|

v = 4c/5 �w�?	��›�ß�Q�o�ˆ�‡�b�}�b�”�q�|

1

γ
=

√
1− v2

c2
=

√
1−

16
25c

2

c2
=

√
9

25
=

3

5
= 0.6

�q�s�“�‡�b�}�\�•�x�|

�•	Í�w
��T�’�_�”�q�|�•	Í�p 1 
µ�&�l�o�M�o�‹


µ�� 4c/5 �w�?	��º�p�x�‡�i 0.6 
µ�`�T�&�l�o�M�s�M

�q�M�O�\�q�p�b�}

�\�w�\�q�x�Ô	×�w�&�g�t	°�’�`�ù�˜�d�h�’�|�t�˜�T�t	ô�a�U�h�M�\�q�p�`�•�O�}�q�M�O

�w�‹�|�Ô	×
\�Æ�p�á�ˆ�`�o�M�”�‹�w�w���S�x�«���t
z�‚�h�’
‡	×�t	–�^�M�w�p�|�Ì���w�—

�•�›�.�ò�b�”�\�q�x�s�M�T�’�p�b�}�Ü�p	{�Z�y�| v/c ≈ 0�¢�G�ø�® ≈�¯�x�®�„�q�œ�r�‰�a�¯

�q�M�O�™�¯�p�b�£�‘�“�|

γ =
1√

1− v2

c2

≈ 1√
1− 0

= 1

�q�s�“�|�é�”�è�ï�À�¼� �x 1 �p�b�}�b�s�˜�j�|�•	Í�w
��T�’�_�o�|�•	Í�w
��w 1 
µ�x�|�?

	��º�w
��w 1 
µ�q�‰�a�q�M�O�\�q�t�s�“�|�Ì���w�—�•�x�s�M�w�p�b�}�f�w�‘�O�s�g���‹�K

�“�|�ˆ�X�‹�w�w�Ì���U�—�•�”�s�œ�o�x��	ô�;�p�V�s�M�q�M�O
��‹�M�”�\�q�p�`�•�O�}�q�\

�–�U�|�Û�á�”�¦�ï�q�M�O�«���t�Ù�M���S�p�É�¦�T�’�•	Í�t�ñ�“�«�Y
É�{� �w	#�Ë�›�
���b

�”�\�q�t�‘�l�o�|�î�M�t�Ì���w�—�•�›�¬�T�Š�’�•�”�\�q�U�Œ�’�•�o�M�‡�b�}�‹�O	—�`	Ä�`

�X
†�Ì�b�”�q�|�Û�á�”�¦�ï�x	#�Ë�U�y�X�|�É�¦�T�’�ñ�“�«�M�p�‹�•
¯�t�h�r�“�£�X
²�t	#

�Ë�U
��V�o�`�‡�M�‡�b�}�`�T�`�|�î�M�t�x�•	Í�p�T�s�“�w�”�w�Û�á�”�¦�ï�U�
���^�•�o�M

�‡�b�}�\�•�x�|�Û�á�”�¦�ï�U�«���t�Ù�M�µ�Ð�”�Å�p�ˆ�X�\�q�T�’�|�Ì���w�—�•�U
\�a�|	#

�Ë�U���|�o�M�”�\�q�U�j�¼�s�w�p�b�}

2.6 2.5 
…�w�4�


2.5 
…�w�^�æ�t���`�o�|	O�A�s�«�™�U 2 �m�K�“�‡�b�}
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• �Ì���x�S�“�M�t�—�•�”

�y 2.5 
…�t�S�M�o�|�«�Ì�-�›�•	Í�q�?	��º�t�”�V�|�f�•�›�•	Í�w
��w�¹�:�T�’�^�æ

�`�‡�`�h�}�p�x�|�‰�a	Ý�¯�›�|�?	��º�w
��w�¹�:�p�ß�Q�”�q�r�O�s�”�p�`�•�O�T�}

�‡�c�¥�M
Ô�T�•�w�U�|

�®�ˆ�M�o�M�”�‹�w�w�Ì���x�•�l�X�“
��‰�w�i�T�’

�o�t�ˆ�M�o�M�”�‹�w�T�’�_�h�’
i�­�`�o�M�”�‹�w�w�Ì���x
ã�X
��‰�w�p�x�•�¯

�q�M�O�\�q�p�b�}�`�T�`�|�\�•�x �¡�“ �p�b�}�s�e�s�’�|

�?	��º�w
��T�’�ˆ�h�’�×
ü�U
i�­�`�o�M�o�•	Í�w
��U�ˆ�M�o�M�”

�T�’�p�b�}�\�\�p�«�™�`�h�M�w�x�|

�«���x
ˆ�0�$�s�”�i�U�®�ˆ�M�o�M�”�|
i�­�`�o�M�”�¯�q�M�O�����x
ì�0�$�s����

�q�M�O�\�q�p�b (2.3 
…�p	\�‚�h�| �á�ˆ�w
ì�0
Q �›�¥�M	Z�`�o�X�i�^�M�£�}�`�h�U�l

�o�| 2.5 
…�p�w�^�æ�U�f�w�‡�‡�&�;�p�V�o�|�?	��w�¤�w
��T�’�_�h�’�|�•	Í�w
��w

�Ì���x�—�•�o�`�‡�M�‡�b�}�m�‡�“�|

�Ì���x�S�“�M�t�—�•�”

�w�p�b�}�\�•�x�|

�Ì���x
ˆ�0�$�s�‹�w�p�x�s�X
ì�0�$�s�‹�w�p�K�”

�q�M�O�\�q�›�™�¯�`�o�M�‡�b�}

�y�y�\�\�p�|

�®�Ì���U�“�M�t�—�•�”�w�s�’�S�“�M�U�6�q�`�h�’�r�O�s�”�w�T�•�¯

�q�M�O�Y�ð�U
Ô�T�•�T�‹�`�•�‡�d�œ�U�|�f�w�‘�O�s	Ý�¯�x�ß�Q�”
ž�A�x�K�“�‡�d

�œ�}�s�e�s�’�|

�M�‡�x�s���p�ˆ�X�
��	��`�T�{�l�o�M�s�M�w�p

�f�w�
��	��U�¾�V�&�`�o�X�”�q�M�O	Ý�¯�x�K�“�˜�s�M

�T�’�p�b�¢�¾�V�&�b�h�Š�t�x�o�²�V�w�®�C���¯�U
ž�c
ž�A�p�b�‚�£�}�f�w�‘�O�s	Ý

�¯�›�ß�Q�”�\�q�x�°
`
ì�0
Q�g�æ�w
c�]�p�b�U
‡	×�t�µ�¯
��M�\�q�p�‹�K�”�w�p�|

�Í
…�p�~�Š�o�{�M�h�M�q�¥�M�‡�b�}
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• �«�Ì�-�w�Ì���q�î�M�w�Ì��

�y�«�™
��M
��x�>
Ç�M�h�T�‹�`�•�‡�d�œ�U�| 2.5 
…�w�^�æ�w�¤
k�‡�p�x�®�«�Ì�-�p

�-�l�h�Ì���¯�t�m�M�o	\�‚�o�M�h�w�t�|�™
R�p�x�M�m�w���t�T�h�i�w�®�Ì���¯�t�b

�“�8�l�o�M�‡�b�}�\�\�t�Y�ð�›�Ë�m
��‹�M�”�T�‹�`�•�‡�d�œ�U�|�f�w�®�b�“�8�Q�¯

�t�x
Y�p
Q�U�V�j�œ�q�K�“�‡�b�}�î�M�| 2.4 
…�p	\�‚�h�‘�O�t�|�«���x�?�Ó�>�¶�w

�,
Å�M���Ü�T�’�‹�T�•�o�`�‡�O�‹�p�b�}�f�`�o�|�?�Ó�>�—�x
��w�s�“�w�Ì�-�w�ˆ�—

�p�K�”�\�q�x�‹�j�–�œ�|
����U�ò�a�”�„�q�œ�r�w�—�w���o�p�K�”�\�q�U�˜�T�l�o�M

�‡�b�¢�h�i�`�|	O�—�x	†�M�o�M�‡�b�£�}�`�h�U�l�o�|�«�Ì�-�i�Z�U���w�Ì�-�q� �q

�`�o�—�•�”�q�M�O�\�q�x�ß�Q�’�•�s�M�w�p�b�}�m�‡�“�|

�«�Ì�-�U�—�•�”�q�M�O�\�q�x

�®�²�h�j�U
Ó�ˆ�–�l�o�M�”�Ì�-�¯�‹�—�•�”�q�M�O�\�q�›�™�¯�`�o�M�”

�w�p�b�¢�\�\�p�|�®�²�h�j�U
Ó�ˆ�–�l�o�M�”�Ì�-�¯�q�x�|�ù�Ì�-�•�?�þ�Ì�-�|�.�º

�Ì�-�s�r�|�²�h�j�w	*�“�w�K�“�q�K�’�•�”�Ì�-�q	¶�^�d�”�‹�w�w�\�q�›�¦�`�o�M

�‡�b�£�}

2.7 �«���S
Æ�!�w�j�g�T�’�w�<�A 2

�7�™�t�|�Ì���w�—�•�Ž�Ž�t 2 �m�|�«���S
Æ�!�w�j�g�T�’�w�<�A�›���o�t	º�p�`�h�M�q�¥

�M�‡�b�}

• �Õ�^�w	V�ˆ

�y�‡�c�x�| �Õ�^�w	V�ˆ (length contraction) �p�b�}�\�•�x�|

�
��	��t�0�`�o�ˆ�M�o�M�”�‹�w�w�Õ�^�x

�ˆ�M�o�M�”�M�²�t�0�`�o	V�‰

�q�M�O�\�q�p�b�}�f�`�o�î�x�|

�f�w	V�ˆ�w�Â�ù�x 1/γ 
��|�b�s�˜�j
√
1− v2/c2 
��t	V�‰

�q�M�O�\�q�U�˜�T�l�o�M�‡�b�}

�y�é�›���o�t�b�”�h�Š�t�|
²�ò�q�‰�a�X�|�«���w 0.8 
��w���S�¢
µ�� 24 �ª km�£�p


��‰�?	��q�|
¶�Õ 40 �ª km �w�Ä�ï�É�ç�›�ß�Q�‡�b�}�\�\�p�|	—�`
ú
ý�p�b�U�|�\

�w�?	��º�w�Ì�-�p�ß�Q�o 1 
µ�™�t
0
C�b�”�Ì�v
0�„�U�|�?	��t�“�»�Z�’�•�o�M�h�q
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�`�‡�b�}�h�i�`�|�\�w
0�„�x�|�?	��U�Ä�ï�É�ç�›
H�Z�”�q�r	†�^�•�”�‘�O�t
ƒ�-�^

�•�o�M�‡�b�}
Ó�è�t�ß�Q�•�y�|�?	��x
0
��^�•�o�`�‡�M�‡�b�U�| �î�x�A�æ�x�§�M�‡

�b�} �f�w�g���›
†�Ì�`�‡�`�•�O�}

�y�‡�c�|�•	Í�w�Ì�-�p�-�”�q�|�?	��U�\�w�Ä�ï�É�ç�›
H�Z�”�t�x�|

40÷ 24 = 1.6777 · · ·

�‘�“�ÿ 1.67 
µ�¢
Y�¬�t�x 5/3 
µ�£�T�T�“�‡�b�}�q�\�–�U�|

�\�w�\�q�›�•	Í�w
��w�Ì�-�p�-�”�q

�«���w 0.8 
��p
ø�”�?	��w�¤�p�x 1 
µ�`�T�&�a�`�o�M�s�M

�\�q�U�˜�T�“�‡�b�}�î�M�|�ˆ�M�o�M�”�‹�w�w�Ì���x�•�l�X�“
��ˆ�f�w�—�•�é�ù�›
¯

�b�é�”�è�ï�À�¼� �x 2.5 
…�p�-�‰�`�h�è�“ 5/3 �s�w�p�| 1 
µ × 5/3 = 5/3 
µ �q�s

�“�|�•	Í�w�Ì�-�q�ù�M�‡�b�v�}�`�h�U�l�o�|
0�„�x�ª�æ�ª�æ�r	†�^�•�‡�b�¢
0�„�x�|

�®�?	��º�w�Ì�-�p�¯ 1 
µ�™�t
0
C�b�”�\�q�t�«�™�`�o�X�i�^�M�£�}

�y �^�o�|�\�w	Ý�¯�›�?	��w
��U�_�”�q�r�O�s�”�p�`�•�O�T�}�?	��º�p 1 
µ�&�a�`

�h�q�V�|�?	��x�‡�i 24 �ª km �`�T
��œ�p�M�‡�d�œ�}�m�‡�“�|
¶�Õ 40 �ª km �w�Ä

�ï�É�ç�›�è�a�p�V�s�M�w�p�|�?	��x
0
��^�•�o�`�‡�M�‡�b�}�\�•�p�x�Ã	l�U�I�V�o

�`�‡�M�‡�b�v�}�\�\�p�|

�²�h�j�x�«���S
Æ�!�w�j�g�q�M�O	×�Ý�t
S�b�”�j�g�›
²���t�`�o�M�h�w�p

�²�h�j�w	×�Ý�›�Y�O
ž�A�U�K�”

�q�ß�Q�‡�`�•�O�}�m�‡�“�|

�ˆ�M�o�M�”�‹�w�x	V�‰

�q�ß�Q�”�w�p�b�}�?�U�ˆ�M�o�M�”�T�q�M�O�q�|

�?	��º�w
��T�’�_�•�y�Ä�ï�É�ç�U�Ì�� 24 �ª km �p

�Ù�n�M�o�V�o�M�”�‘�O�t�_�Q�”�¢�á�ˆ�w
ì�0
Q�£

�w�p�b�}�r�w�Y�’�M	V�œ�p�M�•�y�M�M�T�q�M�O�q�| 24/40 = 3/5 �‘�“�| 3/5 
��¢�é�”

�è�ï�À�¼� �w�o
:�‚�£�t	V�œ�p�M�•�y�M�M�q�M�O�\�q�U�˜�T�“�‡�b�}

�y���w�^�æ�›�°
`�=�b�•�y�|�7	s�t	\�‚�h�‘�O�t�|�ˆ�M�o�M�”�‹�w�w	V�ˆ�w�Â�ù�x

	×�t�é�”�è�ï�À�¼� �w�o
:�t�s�“�‡�b�}�m�‡�“�|
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�Ì���q�‰�7�t�í���‹
ˆ�0�$�s�‹�w�p�x�s�X
ì�0�$�s�‹�w

�s�w�p�b�}�`�h�U�l�o�|

�«���S
Æ�!�w�j�g�›
²���t�b�”�\�q�t�‘�l�o

2.3 
…�p	\�‚�h�‘�O�s�Ì���q�í���x
ˆ�0�p�K�”�q�M�O�“�æ�x
��’�•�h

�q�M�O�\�q�t�s�“�‡�b�}

• E = mc2

�y�Í�t�| �í�”�q�¤�É�ç�ª�”�w�s�A
Q (mass-energy equivalence) �p

�b�}�\�•�x�t�?�p	{�X�‘�“�‹�|�Í�w�Ü�›�_�o�‹�’�l�h�M�U
ã�M�T�‹�`�•�‡�d�œ�¢ E

�U�¤�É�ç�ª�”�p�| m �U�í�”�p�b�£�•

E = mc2 (2.2)

�r�O�p�b�T�|�r�\�T�p�°�S�x�_�®�Q�U�K�”�w�p�x�s�M�p�`�•�O�T�} (2.2) �x�|�ž� 

�ï�³�á�»� �ï�t�‘�”
H�„�p�7�‹���Ê�s�Ü�q�‹�M�˜�•�o�M�‡�b�}�s�e�›	�
ì�0
Q�g�æ

�t�S�Z�”�¤�É�ç�ª�”�U (2.2) �p
¯�^�•�”�w�T�>�t�s�l�h
��x�|
Ç�å B �›�_�o�ˆ�o�X

�i�^�M�}

�y (2.2) �w�Ú�ò�$�s
†�Ì�›�`�‡�`�•�O�}�f�w�h�Š�t�| 2.5 
…�p	\�‚�h�|

�«���Ž	Í�w���S�p�á�ˆ�b�”�‹�w�x���O�`�s�M

�q�M�O�>���›�¥�M	Z�`�o�X�i�^�M�}�\�\�p�|�é�‰�›�G�”�t
u�œ�i�é�­�¿�Ä�›�ß�Q�‡

�`�•�O�}�é�‰�›�r�œ�r�œ�é�•�`�o�¢�b�s�˜�j�¤�É�ç�ª�”�›	«
…�`�o�£�C���`�o�M�l

�h�q�`�o�‹�|
Œ�t	\�‚�h�>���t�‘�“�|�é�­�¿�Ä�w���S�x�«���Ž	Í�t�s�”�\�q�x�K�“

�‡�d�œ�}�p�x�f�w�¤�É�ç�ª�”�x�M�l�h�M�r�\�t	«�Q�o�`�‡�l�h�œ�p�`�•�O�T�}
ì�0


Q�g�æ�w�A�æ�x�|

�¤�É�ç�ª�”�x�í�”�t�s�l�h

�q�M�O�\�q�p�K�“�|�f�O�b�”�q�î�M�t�ð�Ò�U�ù�O�w�p�b�}�q�M�O�w�‹�|�¢�á�ˆ�M��

�Ü�T�’�˜�T�”�‘�O�t�|�£�)�Q�”�¤�É�ç�ª�”�w�G�V�^�|�b�s�˜�j�)�Q�”�—�U�°���s�’

�y�|�í�”�U
ÿ�Q�•�y
ÿ�Q�”�„�r�C���`�t�X�X�s�“�‡�b�}�m�‡�“�|���^�x
ÿ�Q�t�X�X

�s�”�˜�Z�p�b�}�‡�q�Š�”�q�|�¤�É�ç�ª�”�›�˜�”�\�q�t�‘�l�o�é�­�¿�Ä�x	—�`�c�m�«

���t�Ù�n�V�‡�b�U�|�f�w
ü�é�­�¿�Ä�w�í�”�‹	—�`�c�m
ÿ�Q�|�í�”�U
ÿ�Q�o�M�X�t�m
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�•�C���`�t�X�X�s�”�w�p�|�A�Á�é�­�¿�Ä�x�M�m�‡�p�h�l�o�‹�«���Ž	Í�t�x�s�•�s�M

�q�M�O�g�ö�p�b�}�\�w�\�q�‹���‡�p	\�‚�o�V�h�q	Å�q�‰�7�p�|�g�ö�U�è�”�q�M�O�i

�Z�p�t�˜�T�t�x	ô�a�U�h�M�\�q�T�‹�`�•�‡�d�œ�}�`�T�`�|�C���+�q�M�O�|�{� �›�C

���b�”
÷�”�›�;�M�”�\�q�p�|�î�M�t�¤�É�ç�ª�”�U�í�”�t�!�õ�^�•�o�M�”�\�q�U�î�g

�t�‘�l�o�¬�T�Š�’�•�o�M�”�w�p�b�}�\�\�p�|

�í�”�x���S�t�‘�l�o�!�=�b�”

�q�M�O�\�q�t�‹�«�™�`�o�X�i�^�M�}

�y�ž� �ï�³�á�»� �ï�U (2.2) �›��	•�b�”�‡�p�|�í�”�q�¤�É�ç�ª�”�x���‘�w�“�æ�i�q

�¥�˜�•�o�M�‡�`�h�}�q�\�–�U�| (2.2) �x�|

�¤�É�ç�ª�” E �q�í�” m �x�!�õ�D�ó�s�‹�w�p�K�“

�f�w�!�õ�w��
:�U�«���w 2 	Ð�p�K�”

�q�M�O�\�q�›	��Á�`�o�M�”�w�p�b�}�\�\�p�|�«���w 2 	Ð�q�M�O�w�x
2�G�s
:�È�p

�b�}�î�M�|

1g �w
ú�í�U�| 90 �¹�´�á�”�ç�‹�w�¤�É�ç�ª�”�›
œ�O�$�t�Ë�l�o�M�”

�\�q�t�s�“�‡�b�}�\�•�x�|�ÿ���ª
H�3�U�
�§�D�t	«
…�b�”�?�>�¤�É�ç�ª�”�q
ž�A�q

�‰�s�p�b�}�h�i�`�|�î�M�t
ú�í�w�í�”�›�¤�É�ç�ª�”�t�!�õ�b�”�\�q�x�0�›�p�x�K�“

�‡�d�œ�T�’�|�V�l�q�p�Ì�w�J�¶	��h�j�x�\�w�\�q�›	ô�a�s�T�l�h�p�`�•�O�}�`�T

�`�| 1938 �å�t�Å� �À�w�=�¶	��¦�¿�Ä�”�~�Ë�”�ï�q�¦�”�µ�Ä�æ�ž�w�=�¶	��æ�”� �̧~�Ú

� �Ä�Æ�”�x�|�¢�å�ï�w�j� �©�t�¤
Q� �›�p�o�”�q�j� �©
ü�¾�U�I�\�“�|�‰�Ì�t�G�”

�w�¤�É�ç�ª�”�U�L	Z�^�•�”�\�q�›
C�_�`�‡�`�h�}�‘�“�é�.�$�t�x�|�¢�å�ï�w�j� �©

�U
ü�¾�b�”�q�í�”�w�ÿ 0.1% �U�æ�˜�•�|	Ú�E�Í�H�p�x�©
ü�¾
S� �x�v�c�ˆ�‰�$�t
0


C�$�s���^�p
��æ�`�|�f�w�æ�˜�•�h�í�”�U E = mc2 �w�Ü�t�‘�l�o�¤�É�ç�ª�”�t�!

�õ�^�•�”�w�p�b�}�f�`�o
u�`�M�\�q�t�|
��¨�x�\�w�¤�É�ç�ª�”�›
��l
Œ�t�t�K���+

�•�q� �;�`�‡�`�h�}�f�O�p�b�| 1945 �å�w 8 �D�t�¿�a�q�Õ�Z�•�d�<�^�•�h�j� 
0�„

�p�b�}�\�w�¤�É�ç�ª�”�w���è�b�;�¢�j� �—
C�?�£�U�•�‡�l�h�w�x 1951 �å�w�\�q�p

�`�h�}
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3 �›	�
ì�0
Q�g�æ�w
:�¶�$�î
Ê�ˆ


²
…�p�x�|�›	�
ì�0
Q�g�æ�w
ú�g�$�s�,
Å�Œ�Ý�›
†�Ì�`�‡�`�h�}�\�w
…�p�x�|�›	�
ì�0


Q�g�æ�w
:�¶�$�î
Ê�ˆ�p�K�”�Û�ï�¯�Ñ�µ�©�”�í���t�m�M�o�r
†�`�‡�b�} *111 
…�p	î�•�‡�`

�h�U�|

�›	�
ì�0
Q�g�æ�q�x�2�?�¶�q�`�o�w�Û�ï�¯�Ñ�µ�©�”�í���æ�›
ú�g�$�t�r	
�`�h�‹�w�p�K�”

�q�M�Q�‡�b�}�\�w
…�p�x�|

• �«���S
Æ�!�w�j�g�›���Œ�t�`�h�|�Û�ï�¯�Ñ�µ�©�”�í���w�‹�Ö

• �é�”�è�ï�À�!�õ�¢�Û�ï�¯�Ñ�µ�©�”�í���t�S�Z�”�2
ª�!�õ�£

• �é�”�è�ï�À�!�õ�›�;�M�h�|�Û�ï�¯�Ñ�µ�©�”�2�?�w�›�Ã�n�Z

�›�{�M�h�M�q�¥�M�‡�b�}

3.1 �Û�ï�¯�Ñ�µ�©�”�í��

�²�h�j�x���‡�p�|�Ì���q�í���›
ˆ�0�$�s�‹�w�q�_�s�`�o�M�‡�`�h�}
:�¶�$�t
¯�q�b�•

�y�|�Ì���!
: t �q�í���!
: (x, y, z) �›�|�“�M�t�Á�����s�!
:�q�`�o�ß�Q�o�M�‡�`�h�}�`�T

�`�|
²
…�p	\�‚�h�‘�O�t�|

�›	�
ì�0
Q�g�æ�p�x�«���U
ˆ�0�$�s�”�p�K�“

�Ì���q�Õ�^ (�í���w	��S ) �x
ˆ�0�$�s�”�p�x�s�M

�w�p�b�}�\�•�›�ß�€�`�o�|�›	�
ì�0
Q�g�æ�q�Ú�¿�½�b�” 4 �Í�i�í���›���[�`�h�M�q�¥�M�‡

�b�¢�® 4 �Í�i�¯�q�`�h�w�x�|�Ì�� 1 �Í�i�|�í�� 3 �Í�i�p�|�ù�˜�d�o 4 �Í�i�i�T�’�p�b�£�}

�q�x�M�l�h�‹�w�w�|�h�i�à�› 4 �Š���‚�h�2
ª�í���p�x�s�œ�w�r�>�t�‹�s�“�‡�d�œ�v�}�s

�e�s�’�|�«���S
Æ�!�w�j�g�U�‡�l�h�X
S�é�^�•�o�M�s�M�T�’�p�b�}�\�\�p�|�²�h�j�x 1.1


…�t�S�M�o�|�2�?�¶�›�®�Õ�^�q�¯�S�U���‡�l�h�í���›�Ð�‚�”�\�q�¯�q���[�`�o�M�h�\�q�›

�¥�M	Z�`�o�X�i�^�M�}�m�‡�“�|�r�œ�s�í���t�S�M�o�‹�|�®�Õ�^�¯�q�M�O�“�æ�x�Š�í�$�s�A


É�t�s�l�o�M�”�w�p�b�}�^�’�t�‹�O 1 �m�| 2.7 
…�t�S�M�o�|�«���S
Æ�!�w�j�g�w�<�A�q�`

*11 �°
`
ì�0
Q�g�æ�p�‹�Û�ï�¯�Ñ�µ�©�”�í���x	O�A�p�b�}�°
`
ì�0
Q�g�æ�p�x�|�Â�U�l�o�x�M�”�Z�•�r�‹
æ
ü

�$�t�x�Û�ï�¯�Ñ�µ�©�”�í���t�s�l�o�M�”�‘�O�s�í���¢�V�j�œ�q	{�Z�y�|�®�¤�:�w
€���Ø�U�Û�ï�¯�Ñ�µ�©�”

�í���t�s�l�o�M�”�‘�O�s 4 �Í�i���7�.��̄£�›�ß�Q�”�T�’�p�b�}
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�o�|�ˆ�M�o�M�”�‹�w�w�Õ�^�U�!�=�`�o�`�‡�l�h�\�q�›�¥�M	Z�`�o�X�i�^�M�}�b�”�q�|

�®�Õ�^�¯�›�»
É�`�o���[�`�o�•�’�s�M�q

�«���S
Æ�!�w�j�g�q�Ú�¿�½�b�”�í���›�_�m�Z�’�•�s�M�w�p�x�s�M�T

�q�M�O�'���U�m�V�‡�d�œ�T�}�f�w�‘�O�s�í���›�|�Ž�<�w�
�:�t�£�è�`�o
-�l�o�ˆ�‡�`�•�O�}

• �«�q
ú�.�w�Õ�^�w����

�y�«�U�|�K�”�Õ�^�w�Ä�ï�É�ç�›
��‰�q�`�‡�b�}�\�w�q�V�|�«�t�q�l�o�|�\�w�Ä�ï�É

�ç�w�Õ�^�x�M�X�m�t�_�Q�”�p�`�•�O�T�} 2.7 
…�p	\�‚�h�‘�O�t�|�ˆ�M�o�M�”�‹�w�w

�Õ�^�x
√
1− v2/c2 
��t	V�ˆ�‡�b�}�«�T�’�_�”�q�|�Ä�ï�É�ç�U�«�� c �p�ˆ�M�o�M�”

�‘�O�t�_�Q�”�w�p�|�Ä�ï�É�ç�w�Õ�^�x
√

1− c2/c2 =
√
1− 1 = 0 
��|�b�s�˜�j�|�Õ

�^ 0 �q�s�l�o�`�‡�M�‡�b�‚�\�•�x�Ä�ï�É�ç�w�Õ�^�U�M�X�m�p�K�–�O�q�A�L�x�!�˜�“

�‡�d�œ�¢�p�h�“
²�p�b�U�|�r�œ�s�‹�t 0 �›�»�Z�o�‹ 0 �w�‡�‡�i�T�’�p�b�£�}�m�‡�“�|

�«�t�q�l�o�|�r�œ�s�‹�w�w�Õ�^�‹ 0 �p�K�”

�q�M�O�\�q�U�M�Q�‡�b�}�\�•�x�|�«���S
Æ�!�w�j�g�›	��“���‰	Í�p�G�V�s�Î�ï�Ä�t

�s�“�f�O�p�b�}

• �â�”�«�æ�¿�Å�í���t�S�Z�”�Õ�^

�y�â�”�«�æ�¿�Å�í���t�S�Z�”�Õ�^�U�|�r�w�‘�O�s�Ü�p�)�Q�’�•�o�M�”�T�›�ß�Q�o�ˆ

�”�\�q�t�`�‡�b�}�Õ�^�›���”�0	Å�q�`�o�x
¢
ü�U�‡�c�•�U�”�q�¥�M�‡�b�U�|�f�•�›

	—�`�i�Z�¦�Á�`�o�|�Õ�«�Ä�ç�›�ß�Q�o�ˆ�‡�`�•�O�} �Õ�«�Ä�ç�¢ vector�£�q�x�|

¢
ü�t�²�V�w�“�æ�›
Ç�)�`�h�‹�w�p�| �ü�¹ �›� �Ý�”�´�`�o�‹�’�Q�•�y	G
ü�p�b�}

�\�\�p�|�Õ�«�Ä�ç�x�•�”�q�x�Á�����s�\�q�t�«�™�`�‡�`�•�O�}�s�e�s�’�|���æ� �ˆ

�`�o�‹�|�f�w�Õ�^�q�²�V�q�M�O�”�x�!�˜�’�s�M�T�’�p�b�}
ª� �$�t	{�Z�y�|

�Õ�«�Ä�ç�q�x�|�²�V�q�Õ�^�w�s�`�M�ü�¹�›�b�‚�o�‰�a�‹�w�q�_�s�`�h�‹�w�p�K�”

�q�M�l�h�ò�a�p�b�}�Õ�«�Ä�ç�x�|�® −→a �¯�w�‘�O�t�|�ž�ç�Ñ�•�Õ�¿�Ä�w	Í�t�ü�¹�›	Ð

�d�o
¯�G�`�‡�b�}

�y�Í�t�|�Õ�«�Ä�ç�w�Õ�^�›�{�Š�h�M�w�p�b�U�|�f�w�h�Š�t�2
ª���Ø�›�ß�Q�‡�`�•�O

�¢�2
ª�U�s�M�q�|�Õ�^�w�,	j�U�>�‡�“�‡�d�œ�v�£�}
²	\�`�h�è�“�|�Õ�«�Ä�ç�x���æ� 

�ˆ�`�o�‹�!�˜�’�s�M�w�p�|�Õ�«�Ä�ç −→a �w�•�:�›�j�: O �t�X�”�‘�O�t���æ� �ˆ�`�o

�ˆ�‡�b�¢
$ 3.1�£�}
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$ 3.1

�\�w�q�V�|	4�:�w���æ� �ˆ�`�h
Œ�w�2
ª�U (x, y) �p�K�”�q�V�|

−→a = (x, y)

�q
¯�G�`�‡�b�}�\�•�›�| �Õ�«�Ä�ç�w
R
ü
¯�Ô �q�M�M�‡�b�}�\�•�‘�“�|���Ø	Í�w�Õ�«

�Ä�ç�q 2 �m�w�î
:�w
Ê�q�U�°�0�°�t�0� �`�o�M�”�\�q�U�˜�T�“�‡�b�}

�‘�l�o�| −→a �w�Õ�^�x�|�Ð�»�°�å�µ�w���g�‘�“�|
√

x2 + y2 �q�s�“�‡�b�¢
$ 3.2 �›�_

�o�X�i�^�M�£�} −→a �w�Õ�^�› |−→a | �q
¯�G�b�”�\�q�t�b�•�y�|

|−→a | =
√
x2 + y2 (3.1)

�U
R�“�q�j�‡�b�}


$ 3.2

�b�s�˜�j�|

2 �Í�i�â�”�«�æ�¿�Å�í���t�S�M�o
−→a = (x, y) �q
R
ü
¯�Ô�^�•�”�Õ�«�Ä�ç�w�Õ�^�x

√
x2 + y2 �p�K�”
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�q �M�O�\ �q �U �˜ �T �“ �‡ �` �h �}�\ �• �› �â �” �« �æ�¿�Å�w�Õ�^�¢ Euclidean

norm�£ �q�Ê
Ç�Z�”�\�q�t�`�‡�b�}

�y�M�‡	\�‚�h�\�q�x�|���Ø�¢ 2 �Í�i�£�U�í���¢ 3 �Í�i�£�t�s�l�o�‹
R�“�q�j�‡�b�}�f

�`�o�|�‹�l�q�ô�Í�i�t�s�–�O�U
R�“�q�j�‡�b�}�b�s�˜�j�|�â�”�«�æ�¿�Å�í���t�S�Z

�” 4 �Í�i�Õ�«�Ä�ç
−→a = (x, y, z, w)

�w�Õ�^�x √
x2 + y2 + z2 + w2

�p�)�Q�’�•�”�w�p�b�}

• �Ì�í�t�S�Z�”�Õ�^

�y�^�o�|���o�w�h�Š 2 �Í�i�w�Ì�í�›�ß�Q�‡�`�•�O�} 2 �Í�i�w�Ì�í�w�:�x (x, t) �q
¯

�d�‡�b�} *12�\�\�p�|
²
…�q�‰�7�t�«���› c �q�S�Z�y�|�Ì�í�t�S�M�o�«�›
¯�b�Ü�x�|

t =
x

c
(3.2)

�q�s�l�o�M�‡�b�}�®�«�›�Ü�p
¯�b�¯�q�M�O�™�¯�U	—�`�˜�T�“�t�X�M�T�‹�`�•�‡�d�œ

�U�|�®�«�U���S c �p�s���Ú
¢�á�ˆ�`�o�M�”�\�q�›�Ü�p
¯�q�b�”�¯�q�M�O�\�q�p�b�}

�f�w�h�Š�t�|�®�‘�m�›���S�¢���w	Ô�ù�x�«���£�p�Â�l�h�’�Ì���t�s�”�¯�q�M�O�p�h

�“
²�w�Ü�›�b�;�`�‡�`�h�}�\�\�p�|�«�q�Õ�^�w�����¢�«�t�q�l�o�|�r�œ�s�‹�w�w�Õ

�^�‹ 0 �p�K�”�£�›�¥�M	Z�b�q�|�²�h�j�x�|

�r�œ�s x �t�0�`�o�‹�| −→a = (x, t) �w�Õ�^�U 0 �t�s�”�‘�O�t

�Ì�í�t�S�Z�”�Õ�^�›���[�`�h�M�w�p�b�}�\�\�p�| −→a �w�â�”�«�æ�¿�Å�w�Õ�^�›���l

�o�ˆ�o�‹�| (3.1) �q (3.2) �T�’�|

|−→a | =
√

x2 + t2 =

√
x2 +

x2

c2

�q�s�“�|�\�•�U 0 �t�s�”�w�x�| x = 0 �w�q�V�i�Z�p�b�}�\�\�p�>�t�s�”�:�U 2 �m�„

�r�_�Q�o�V�‡�b�}�f�•�x�|

– x �q t �x�o�•�U�§�O�w�t�|�f�•�› x2 + t2 �w�‘�O�t�
�`�‰�`�o�‹�M�M�w�T

– �â�”�«�æ�¿�Å�w�Õ�^�x�ç�”�Ä�w�¤
��U 2 	Ð�^�•�h 2 
:�w�è�s�w�p�|�f�•�U 0

�t�s�”�w�U x = 0 �q�s�”�q�V�i�Z�s�w�x�p
µ�w�\�q�p�x�s�M�w�T

*12 (t, x) �q�|�2
ª�à�›�o�t
¯�G�b�”�v�Q�‹�K�“�‡�b�}
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�q�M�O 2 �:�p�b�}

�y�f�\�p�\�•�’�›�•�‡�Q�o�|�Ì�í�t�S�Z�”�Õ�^�›

∥−→a ∥ =
√
|x2 − (ct)2| (3.3)

�q���[�`�o�ˆ�‡�`�•�O�¢�â�”�«�æ�¿�Å�w�Õ�^ | · | �q�à���b�”�h�Š�t�|�Ë	O�n�w�G�ø

∥ · ∥ �›�;�M�‡�`�h�£�}�â�”�«�æ�¿�Å�w�Õ�^�T�’�w	.
Y�:�q�`�o�|�‡�c�| t �› ct �t�!

�Q�‡�`�h�}�f�w	ú�q�`�o�x�|�Ì���›�Õ�^�t�!�õ�b�”�t�x�?�T�`�’�w���S�›�»�Z�”
ž

�A�U�K�“�‡�b�U�|�M�‡�«�� c �U
‡	×�t�›���s�™�¯�›�Ë�m�‹�p�K�”�\�q�›�ß�€�`�o�|

t �t�«�� c �›�»�Z�o�ˆ�h�q�M�O�\�q�p�b�}�Í�t�|�ç�”�Ä�º�w�® +� �̄›�® −� �̄t�!�Q�‡

�`�h�}�f�w	ú�q�`�o�x�|
Y�w
:�w�è�U 0 �t�s�”�\�q�x�K�“�˜�s�M�w�p�|�è�›�)�t�!

�Q�o�ˆ�h�q�M�O�\�q�p�b�}�^�’�t�|�ç�”�Ä�w�¤
��U
Û�t�s�”�w�x�K�‡�“�.�`�X�s�M

�w�p�|
ˆ�0�‹�›
Ç�Z�‡�`�h�}�b�”�q�| (3.2) �‘�“�|

∥−→a ∥ =
√
|x2 − (ct)2| =

√∣∣∣x2 − (c · x
c
)2
∣∣∣ =√|x2 − x2| = 0

�q�s�“�|

∥−→a ∥ �w�‹�x�r�œ�s x �t�0�`�o�‹ 0 �q�s�”

�\�q�U�˜�T�“�‡�b�}�`�h�U�l�o�|�\�•�U�l�ˆ�w�Õ�^�t�s�“�f�O�p�b�}�f�\�p�| (3.3)

�p�� �[ �^�•�h�Ì�í �t �S�Z�”�Õ�^�› �Û�ï�¯�Ñ�µ�©�”�w�Õ�^�¢ Minkowski

norm�£�q�Ê
Ç�Z�‡�`�•�O�}�\�w�\�q�x�|�â�”�«�æ�¿�Å�í���q�‰�7�t�|�Í�i�U�?�Í

�i�p�K�–�O�q
R�“�q�j�‡�b�}�‘�l�o�|�Ì�í�t�S�Z�” 4 �Í�i�Õ�«�Ä�ç −→a = (x, y, z, t)

�w�Õ�^�x�|
∥−→a ∥ =

√
|x2 + y2 + z2 − (ct)2|

�p�)�Q�’�•�‡�b�}

�Ž	Í�›�•�‡�Q�| �Û�ï�¯�Ñ�µ�©�”�í���¢ Minkowski space�£ �›�|

�Û�ï�¯�Ñ�µ�©�”�w�Õ�^�U���‡�l�h�| 4 �Í�i�í��

�q���[�`�‡�b�}���‡�p�w
†�Ì�›�V�j�œ�q�¡�œ�p�M�”
��w�¤�t�x�|�®�¯�S�x�r�O�`�h�œ�i�¯

�q�¥�O
��‹�M�”�\�q�p�`�•�O�}�\�\�p�x	Ä�`�X�x�{�M�‡�d�œ�U�|�Õ�«�Ä�ç�w�º
u�q�M�O�“

�æ�›�;�M�”�\�q�p�Û�ï�¯�Ñ�µ�©�”�í���t�S�Z�”�¯�S�‹�V�j�œ�q���[�p�V�‡�b�¢	Ä�`�X�x�|
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Ç�å D �w D.2 
…�t	{�V�‡�`�h�£�}�j�s�ˆ�t�|�Û�ï�¯�Ñ�µ�©�”�q�M�O�w�x�|�ž� �ï�³�á�»� 

�ï�w
:�¶�w
Œ
\�p�K�”�q�‰�Ì�t�|
:�¶�U
Æ�˜�™ (?) �p�K�l�h�ž� �ï�³�á�»� �ï�t�E�˜�l�o

�›	�
ì�0
Q�g�æ�w
:�¶�$�,
Å�›�™�M�h
:�¶	��p�b�}

�q�\�–�p�|�â�”�«�æ�¿�Å�w�Õ�^ (3.1) �q�Û�ï�¯�Ñ�µ�©�”�w�Õ�^ (3.3) �x
‡	×�t�Å�h
¯�Ü

�p�b�v�}�\�w 2 �m�w�Õ�^�x�|�•
:�Ì���q�M�O�“�æ�›�;�M�”�\�q�p�|
¯�²�V�t�x�w�°�p�V�‡

�b�}�f�w�h�Š�t �•
:�o�•�¢ imaginary unit�£ �›�‹�Ö�`�‡�`�•�O�}�•
:�o�• i �q�x�|

i2 = −1

�q�s�”
:�w�\�q�p�b�}�‡�h�|�î
: a�| b �t�0�`�o a+ bi �p
¯�^�•�”
:�› 
ó
É
: �q�M�M�|�î


:�p�s�M
ó
É
:�› �•
: �q�M�M�‡�b�} *13

�^�o�|�•
:�o�• i �›�;�M�o�| �•
:�Ì�� �› it �p���[�`�‡�b�}�Û�ï�¯�Ñ�µ�©�”�w�Õ�^�w
¯�Ü

(3.3) �t�S�M�o�| t �›�•
:�Ì�� it �p�S�V�T�Q�o�ˆ�”�q�|

∥−→a ∥ =
√
|x2 − (cti)2| =

√
|x2 − (ct)2(−1)| =

√
x2 + (ct)2

�q�s�“�‡�b�}�b�”�q�|�\�•�x�â�”�«�æ�¿�Å�w�Õ�^�w
¯�Ü (3.1) �t�S�M�o�| y = ct �q�S�V�T

�Q�h�‹�w�q�°�•�`�‡�b�‚ *14�\�w�\�q�T�’�|

�•
:�q�M�O�“�æ�U

�â�”�«�æ�¿�Å�2�?�q�Û�ï�¯�Ñ�µ�©�”�2�?�w�±���t�#�h�˜�l�o�M�”�w�p�s�M�T

�q�M�O
*���U�q�o�’�•�s�M�p�`�•�O�T�}�\�•�t�m�M�o�x 4 
…�p�‡�h�J	Ô�b�”�w�p�|�„�w�"

�ñ�t�Ö�•�o�S�M�o�X�i�^�M�}

3.2 �é�”�è�ï�À�!�õ

�Ž�<�|���o�w�h�Š�|�í���x 1 �Í�i�t
M�v�`�h�Û�ï�¯�Ñ�µ�©�”�í���›�ß�Q�”�\�q�t�`�‡

�b�}�q�M�O�w�‹�|
:�¶�$�s�{�M�t�S�M�o�|�í���w�Í�i
:�x�M�X�’�p�K�–�O�q�\�•�Ž�ñ�w

�^�æ�t�Š�í�$�s�§�M�x
\�a�s�M�T�’�p�b�} 2 �Í�i�Û�ï�¯�Ñ�µ�©�”�í���q�f�\�p�w�«�w�J
{

�x�|
$ 3.3 �w�‘�O�t�s�“�‡�b�}

*13 
ó
É
:�s�r�q�M�l�h
:�U�Š�p�t���O�b�”�w�T�q�M�O�Y�ð�U�˜�M�o�X�”�T�‹�`�•�‡�d�œ�U�|�Ë�Û�ç�Ä�ï�q�M

�O
:�¶	��x�®�î
:�w�0�¢�m�M�£�¯�›�ß�Q�”�\�q�p�æ�g�$�t
ó
É
:�w
H�„�›�Ï
R�`�‡�`�h�}�•
:�x
H�w�¤�t

�è�t�_�Q�o�q�•�o�X�”
:�p�x�s�M�p�b�U�|�7���“�æ�q�Ã	l�s�X���[�p�V�”�w�p�K�•�y�|
:�¶�p�x�f�•�›�¬

�T�s���O�q�`�o�Ý�Š�”�w�p�b�}
*14 y �› ct �p�S�V�T�Q�”�\�q�x
ú�g�$�t�x�™�¯�›�Ë�j�‡�d�œ�U�|
:�¶�$�t�x�!
:�!�õ�›�`�h�i�Z�p�b�}�h�i

�`�|�•
:�›�;�M�s�M�v�“�x�|�r�œ�s�!
:�!�õ�›�`�h�q�\�–�p�|�â�”�«�æ�¿�Å�Ê�ç�Ü�q�Û�ï�¯�Ñ�µ�©�”�Ê�ç

�Ü�›�°�•�^�d�”�\�q�x�p�V�s�M�q�M�O�\�q�t�«�™�`�o�X�i�^�M�}
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$ 3.3

3.1 
…�p	\�‚�h�‘�O�t�|�o�•�›�ù�˜�d�”�h�Š�| ct �à�t�s�l�o�M�”�\�q�t�«�™�`�o�X�i�^�M�}

�‡�h�|�«�w�J
{�x (3.2) �‘�“�|
ct = x

�q	{�Z�”�h�Š�| x− ct ���Ø�t�S�M�o�j�:�›�è�”���V 1 �w�Ú
¢�t�s�l�o�M�‡�b�}�\�w
†�Ì�i

�Z�p�˜�T�“�t�X�Z�•�y�| ct = y �q�S�M�o�ˆ�‡�`�•�O�}�f�O�b�”�q�| y = x �q�s�“�|�\�•

�x x − y ���Ø�t�S�Z�”���V 1 �w�Ú
¢�t�s�“�‡�b�v�}�K�q�x�| y �› ct �t�”�V�Ú�d�y�M�M�w

�p�b�}

�^�o 2 
…�w�™
R�p�x�|�K�”�Ä	Å�›�s���p�ˆ�X�
��	��T�’�_�”�\�q�t�‘�l�o�|�Ì���U�—�•

�h�“�|�Õ�^�U�y�X�s�l�h�“�q�M�l�h
ì�0�æ�$�q	Å�U
\�a�”�\�q�›�ˆ�‡�`�h�}�m�‡�“�|

�®�r�w�‘�O�s�
��	��T�’�_�”�T�¯�t�‘�l�o�Õ�^�q�Ì���w	��S�U�!�˜�l�o�`�‡�l�h

�w�p�`�h�}�M�‡�|�K�”�
��	� A �^�œ�w�Õ�^�q�Ì���w	��S�› (x, ct) �q�`�‡�b�}�‡�h�| A �^

�œ�T�’�_�h�| B �^�œ�w���S�› v�| B �^�œ�w�Õ�^�q�Ì���w	��S�› (x′, ct′) �q�`�‡�b�}�b�”�q�|

�î�x�Ž�<�w�‘�O�s�����U
R�“�q�l�o�M�‡�b�¢�\�\�p�x	Â�Ì�x	²�V�‡�b�w�p�|	Ä�`�X�x
Ç�å

A �›�€	°�`�o�X�i�^�M�£�• {
x′ = γ(x− βct)

ct′ = γ(−βx + ct)
(3.4)

�h�i�`�| γ �x
²
…�p���[�`�h�é�”�è�ï�À�¼� 

γ =
1√

1− v2

c2

(3.5)
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�p�K�“�| β �x

β =
v

c

�p���[�^�•�”�|���S�q�«���w
z�p�b�}�\�w�‘�O�t�|

�
��	��› A �^�œ�T�’ B �^�œ�t�!�Q�”�\�q

�› �é�”�è�ï�À�!�õ�¢ Lorentz transformation�£ �q�M�M�‡�b�}

�‡�h�|�é�”�è�ï�À�!�õ�›�‘�“
:�¶�$�t
†�Ì�b�•�y�|

�Û�ï�¯�Ñ�µ�©�”�í���t�S�Z�”�2
ª�!�õ

�q�M�O�\�q�t�s�“�‡�b�}�^�’�t�|
²	\�`�h�Õ�^�q�Ì���w	��S (x, ct)�| (x′, ct′) �›
:�¶�t�‹

���b�•�y�|�Û�ï�¯�Ñ�µ�©�”�í���w�2
ª�à�t�0� �b�”�\�q�t�s�“�‡�b�¢
$ 3.4�£�}


$ 3.4

�\�w�q�V�î�x�| x′–ct′ �à�x�| x–ct �à�›�s�8�^�d�h�‹�w�t�s�l�o�‡�b�}�î�M�| t′ = 0 �w�q�V

�f�•�x x′ �2
ª�à�›
¯�`�o�M�‡�b�U�| (3.4) �w�H 2 �Ü�è�T�’�|

0 = γ(−βx+ ct) ∴ ct = βx

�U
R�“�q�j�|	Í�Ü�x x − ct ���Ø�t�S�Z�”���V β �w�Ú
¢�›
¯�`�o�M�‡�b�}�h�i�`�| x′–ct′

�2
ª�x�°
`�t�x�Ú�¦�`�o�M�‡�d�œ�¢�ü�¦�2
ª�q�M�M�‡�b�£�}�^�’�t�| x �à�q x′ �à�U�s�b�¯

�q�| ct �à�q ct′ �à�U�s�b�¯�x�|�‰�a�p�K�”�\�q�t�«�™�`�o�X�i�^�M�}�s�e�s�’�|�«���S
Æ

�!�w�j�g�‘�“�| x′–ct′ �2
ª�t�S�M�o�‹�| ct′ = x′ �U
R�“�q�h�s�M�q�M�Z�s�M�T�’�p�b�}�\

�•�x�| x′–ct′ �2
ª�t�S�M�o�‹�|�«�w�J
{�x�j�:�›�è�”���V 1 �w�Ú
¢�t�s�l�o�M�s�M�q�M�Z
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�s�M�q�M�O�\�q�›�™�¯�`�o�M�‡�b�}�\�w�\�q�›�î�q�b�”�h�Š�t�x�|�!�õ�™�w�2
ª�à�x�«�w

�J
{�t�0�`�o
¢�0	¶�t�s�l�o�M�s�M�q�M�Z�s�M�p�b�v�}

���È�Ü�y�T�“�O�»�^�•�o
|�•�o�`�‡�l�h�T�‹�`�•�s�M�w�p�|�é�.�$�t�-�‰�`�o�ˆ�‡�`�•

�O�‚�J�P�q�b�”�w�x�| �Ü�a�®�L�¢ Rip van Winkle effect�£�q�‘�y�•�”�‹�w�p�b�}

�ð�J 
Ò� �w�����|�•	Í���q�é�­�¿�Ä���U�M�‡�b�} 2 
��w 20 �@�w�€
\�Ô�t�é�­�¿�Ä���x�|

�•	Í�T�’�_�o 24
25c �q�M�O�ª�–�`�X���M���S�w�é�­�¿�Ä�p�|�•	Í�›�•�q�j�‡�`�h�}�é

�­�¿�Ä���x�|�é�­�¿�Ä���w�Ì�-�p�ß�Q�h 7 �å��
ˆ�|�|�•�: A �t�x�£�™�|�²�V�›�!

�Q�o�‰�a���S�p�•	Í�t�<�“�‡�`�h�}�é�­�¿�Ä���U�•	Í�t�x�£�`�h�q�V�|�é�­�¿�Ä��

�x 20 + 7× 2 = 34 �@�p�b�U�|�•	Í���x�?�@�t�s�l�o�M�”�p�`�•�O�T�}

�\�w�ð�J�w�r�t�p�b�U�|�é�”�è�ï�À�!�õ (3.4) �›�–�M�‡�b�}�f�w�h�Š�t�|�?�x�q�‹�K�•

�‡�c�é�”�è�ï�À�¼� �›�-�‰�`�o�ˆ�‡�`�•�O�}�b�”�q�|

γ =
1√

1−
( 2425c)

2

c2

=
1√

1−
(
24

25

)2
=

1√(
1 +

24

25

)(
1− 24

25

) =
1√
72

252

�‘�“�|

γ =
25

7

�q�s�“�‡�b�¢�¼
:
ü�r�w�¬�Ü a2 − b2 = (a+ b)(a− b) �›�;�M�‡�`�h�£�}�‡�h�|�é�­�¿�Ä��

�U�•�q�l�h�q�V�›�j�:�t	��”�q�|�é�­�¿�Ä���t�q�l�o�•�: A �w�2
ª�x�| (x′, t′) = (0, 7)

�p�b�¢
$ 3.5�£�}�\�\�p�|

�é�­�¿�Ä���T�’�ˆ�”�q�|�×
ü�x
i�­�`�o�M�”�q�¥�l�o�M�”�w�p x′ = 0 �p�K�”

�\�q�t�«�™�`�o�X�i�^�M�}�^�’�t�| β = 24
25 �s�w�p�|�\�•�’�› (3.4) �t�E�Ö�b�”�q�|

0 =
25

7
(x− 24

25
ct)

7c =
25

7
(−24

25
x+ ct)

�b�s�˜�j�| {
0 = 25x− 24ct · · · 1⃝
49c = −24x+ 25ct · · · 2⃝

�b�”�q�| 1⃝× 24 + 2⃝× 25 �‘�“�|

49c× 25 = (252 − 242)ct = (25 + 24)(25− 24)ct = 49ct
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�q�s�”�w�p�|
t = 25

�q�{�‡�“�‡�b�¢�\�•�› 1⃝�t�E�Ö�b�•�y�| x = 24c �‹�{�‡�“�‡�b�£�}�\�•�x�|�•	Í�w�Ì�-�p

�x�|�é�­�¿�Ä���U�•�: A �t�x�£�b�”�‡�p�t 25 �å�T�T�”�q�M�O�\�q�›�™�¯�`�o�M�‡�b�¢�6

�|
$ 3.5 �›�_�o�X�i�^�M�£�}�•�: A �T�’�•	Í�‡�p�‹�‰�a�Ì���U�T�T�”�w�p�|�•	Í���w�å�¸

�x�| 20 + 25× 2 = 70 �@�q�M�O�\�q�t�s�“�‡�b�}�b�s�˜�j�|

34 �@�t�s�l�h�é�­�¿�Ä���U�•	Í�t�<�l�h�q�V�|
Ò� �p�K�”�x�c�w�•

	Í���x 70 �@�t�s�l�o�M�”

�q�M�O�\�q�p�b�}�é�­�¿�Ä���x�‡�^�t�Ü�a� �à�t�s�l�o�`�‡�l�h�˜�Z�p�b�‚


$ 3.5

�\�\�p�| 2.6 �w
†�Ì�›�g�r�`�o�M�”
��s�’�y�|�Í�w�‘�O�s�Y�ð�U
Ô�T�•�T�‹�`�•�‡�d�œ�•

�®�é�­�¿�Ä���T�’�ˆ�h�’�|�•	Í���U�ª�–�`�M���S�p���_�T�l�o�M�X�‘�O�t�_�Q�”

�¢�\�•�U�á�ˆ�w
ì�0
Q�i�£�}�i�T�’�|�‰�a�æ�O�p�|�é�­�¿�Ä���w�M�U�å	Í�t�s�l�o�M

�”�\�q�‹	Â�Ì�p�V�”�œ�a�Œ�s�M�T�•�¯


ì�0�æ�U
H�t	Z�h���|�\�w�ð�J�x�°	��w�Í�å�Å�¿�«�µ�q�ˆ�s�^�•�o�M�‡�`�h�}�s�e�s�’�|

	Í�G�w�\�q�U	Â�Ì�^�•�o�`�‡�l�h�’�|
ì�0�æ�t�Ã	l�U
C
\�`�o�`�‡�O�T�’�p�b�}�\�•�›�|


Ò� �w�Í�å�Å�¿�«�µ�¢ twin paradox�£�q�M�M�‡�b�}�`�T�`�|�î�x�\�•�x�Í�å�Å�¿

�«�µ�p�x�K�“�‡�d�œ�}�s�e�s�’�|

�é�­�¿�Ä���x�•�: A �p�¾�V�&�`�o�M�”�w�p

�f�•�t
P�O�n���q�C���U
ž�A�t�s�“�á�ˆ�w
ì�0
Q�U�H�•�o�`�‡�O
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�T�’�p�b�} 2.1 
…�p	\�‚�h�‘�O�t�|�C���S�á�ˆ�b�”�
��	��›�{�O�h�Š�t�x�|�°
`
ì�0
Q�g

�æ�U
ž�A�t�s�“�‡�b�}�î�M�|�°
`
ì�0
Q�g�æ�›�–�Q�y�|�?�w�Ã	l�‹
\�a�”�\�q�s�X�\�w�ð

�J�›�æ�a�”�\�q�U�p�V�‡�b�}

�4�
�p�b�U�|�é�”�è�ï�À�!�õ�›�–�Q�y�| 2.5 
…�q 2.7 
…�p
†�Ì�`�h�Ì���w�—�•�q�Õ�^�w

	V�ˆ�›�V�j�œ�q	Â�Ì�p�V�‡�b�}�‡�h�| 2.4 
…�p	\�‚�h�‘�O�t�›	�
ì�0
Q�g�æ�p�x
ì�0���S

�U�o	m�s���S�w�è�q�x�s�“�‡�d�œ�U�|���S�w�ù
R���U�î�M�r�O�M�O�Ü�p
¯�d�”�T�q�M�O�\

�q�‹�é�”�è�ï�À�!�õ�›�;�M�o	Â�Ì�p�V�‡�b�}�\�w�K�h�“�w�\�q�x�é�”�è�ï�À�!�õ�w�‹	Z�q

�q�‹�t
Ç�å A �t�‡�q�Š�h�w�p�|�µ�¯�K�”
��x�_�o�ˆ�o�X�i�^�M�}

3.3 �Û�ï�¯�Ñ�µ�©�”�2�?�w	ý�h�s�›�Ã�n�Z

3.1 
…�p�x�Û�ï�¯�Ñ�µ�©�”�í���›�›�Ã�n�Z�”�”�p�K�”�Û�ï�¯�Ñ�µ�©�”�w�Õ�^�›�| 3.2 
…

�p�x�Û�ï�¯�Ñ�µ�©�”�í���t�S�Z�”�2
ª�!�õ�p�K�”�é�”�è�ï�À�!�õ�›�¶�|�‡�`�h�}�\�w�Û�ï

�¯�Ñ�µ�©�”�w�Õ�^�q�é�”�è�ï�À�!�õ�t�x�î�x�q�o�‹	O�A�s�����U�K�“�‡�b�}�f�•�x�|

�Û�ï�¯�Ñ�µ�©�”�w�Õ�^�x�é�”�è�ï�À�!�õ�›�`�o�‹
Æ�!�p�K�”

�q�M�O�\�q�p�b�}�\�•�x���o�s�-�‰�p	Â�Ì�p�V�‡�b�} 3.2 
…�w�G�ø�›�•	;�b�”�\�q�t�b�”

�q�| (3.3) �‘�“�|
x′2 − (ct′)2 = x2 − (ct)2

�›	Â�Ì�b�•�y�M�M�\�q�t�s�“�‡�b�¢ 2 	Ð�`�o�ç�”�Ä�›�Ž�`�‡�`�h�£�} (3.4)�| (3.5) �‘�“�|

x′ 2 − (ct′)2 = γ2

{
(x− vt)2 − c2

(
− v

c2
x+ t

)2}
= γ2

{
x2 − 2xvt+ v2t2 − c2

(
v2

c4
x2 − 2

v

c2
xt+ t2

)}
= γ2

{
x2 − 2vxt+ v2t2 − v2

c2
x2 + 2vxt− c2t2

}
=

1

1− v2

c2

{
(1− v2

c2
)x2 + (v2 − c2)t2)

}

= x2 − c2

c2 − v2
(c2 − v2)t2

= x2 − (ct)2

�s�w�p�|
x′ 2 − (ct′)2 = x2 − (ct)2
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�U
R�“�q�j�‡�b�}�m�‡�“�|

�Û�ï�¯�Ñ�µ�©�”�w�Õ�^�x�é�”�è�ï�À�!�õ�t�‘�”
Æ�!�”

�s�w�p�b�}�\�\�p�|
Æ�!�”�q�x�®�K�”�!�õ�›�ª�`�o�‹�!�˜�’�s�M�”�¯�w�\�q�›�¦�`�‡�b�}

�«�Q�y�|
:�¶�p�0	¶�Ü�q�z�y�•�”�Ü�U�K�”�\�q�›�Œ�l�o�M�”
��‹���M�q�¥�M�‡�b�U�|�0	¶

�Ü�x�®���È�w�Ö�•�õ�Q�¯�q�M�O�!�õ�t���b�”
Æ�!�”�q�s�l�o�M�‡�b�}

�^�o�|�Û�ï�¯�Ñ�µ�©�”�2�?�w���[�U

�®�Û�ï�¯�Ñ�µ�©�”�w�Õ�^�U���‡�l�h�í���›�Ð�‚�”�g�æ�¯

�p�K�l�h�\�q�›�¥�M	Z�`�o�X�i�^�M�}�Û�ï�¯�Ñ�µ�©�”�w�Õ�^�U�é�”�è�ï�À�!�õ�p
Æ�!�p�K

�”�\�q�›�•�‡�Q�”�q�|

�Û�ï�¯�Ñ�µ�©�”�2�?�q�x�|�é�”�è�ï�À�!�õ�t�‘�”
Æ�!�”�U���‡�l�h�í��

�q�M�O�\�q�t�s�“�‡�b�}
ª� �$�t	{�Z�y�|

�Û�ï�¯�Ñ�µ�©�”�2�?�q�x�|�é�”�è�ï�À�!�õ�t�‘�”
Æ�!�g�æ

�q�s�“�‡�b�}�\�\�p�|�é�.�$�s�”�›�®�!�õ�t�‘�”
Æ�!�”�¯�q�M�O�?�q�‹�¨	Å�$�s�‹�w�t	{

�V�T�Q�o�`�‡�l�h�\�q�t�§�è�ò�›�®�Q�”
��‹	—�s�X�s�M�q�¥�M�‡�b�}�\�\�p�K�Q�o�f�w�‘

�O�s�¨	Å�$�s
¯�q�›�`�h�w�x�|


Æ�!�”�x�2�?�¶�t�S�M�o
‡	×�t	O�A�s�“�æ�p�K�”

�T�’�p�K�“�|�î�M�t�2�?�¶�x
Æ�!�”�›�,�t�m�X�’�•�”�q�M�l�o�‹�a�t�p�x�s�M�T�’�p�b�}

	Ä�`�X�x�7	4�Ô�t	á�“�‡�b�U�|

�›	�
ì�0
Q�g�æ�¢�Û�ï�¯�Ñ�µ�©�”�2�?�£�U

�®�«���¯�q�M�O
Æ�!�”�›�,
k�t�`�o�2�‰�^�•�o�M�l�h

�\�q�T�’�‹
Æ�!�”�w	O�A
Q�U�˜�T�”�w�p�x�s�M�p�`�•�O�T�}
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4 �â�”�«�æ�¿�Å�2�?�q�Û�ï�¯�Ñ�µ�©�”�2�?�w����

�â�”�«�æ�¿�Å�2�?�q�Û�ï�¯�Ñ�µ�©�”�2�?�w�Ï���w�����›�Ô�b�\�q�p�\�w�è�[�›���Š�X�X

�“�h�M�q�¥�M�‡�b�}�é�.�$�t�x�|

• �â�”�«�æ�¿�Å�2�?�t�S�Z�”�2
ª�!�õ�q
Æ�!�”

• 
Ò�Â
¢��
:�t�‘�”�é�”�è�ï�À�!�õ�w
¯�Ô

• �â�”�«�æ�¿�Å�2�?�q�Û�ï�¯�Ñ�µ�©�”�2�?�›�(�Y�Þ�Ê

�w 3 �m�›	\�‚�h�M�q�¥�M�‡�b�}

4.1 �â�”�«�æ�¿�Å�2�?�6�ß


²
…�p�x�|�Û�ï�¯�Ñ�µ�©�”�í���t�S�Z�”�2
ª�!�õ�t�K�h�”�‹�w�U�é�”�è�ï�À�!�õ�p�K�”

�\�q�›
†�Ì�`�‡�`�h�}�p�x�|�â�”�«�æ�¿�Å�í���t�S�Z�”�2
ª�!�õ�q�x�r�w�‘�O�s�!�õ�p

�`�•�O�T�}�f�w�
�m�t �s�8 (rotation) �U�K�“�‡�b�}�s�8�q�M�O�!�õ�x�é�”�è�ï�À�!

�õ�q
z�‚�•�y�Ú�ò�$�t�‹�˜�T�“�•�b�M�!�õ�p�b�U�|�Ü�p	{�V�<�d�q�t�˜�•�h�’�î�x	—�`�É

�`�M�p�b�}�s�8�x�Ü�p
¯�q�b�”�h�Š�t�|����
:�¢�~�¯��
:�£�q�z�y�•�”��
:�›�‹�Ö�b�”�\

�q�t�`�‡�`�•�O�}

�Ž�<�|
$ 4.1 �›�&�S�€	°�`�s�U�’�¡�œ�p�ˆ�o�X�i�^�M�}
R�� 1 �w��	Í�w�: P (x, y) �t�0

�`�o�|
−−→
OP = (x, y) �q x �à�q�w�s�b�¯�› θ�¢�ª�æ�³�ß���È�p�|�³�”�»�q�¡�ˆ�‡�b�£�q�`�‡

�b�¢�h�i�`�|�¯�x
S�Ì�-�s�“�t���”�\�q�t�`�‡�b�£�}�\�w�q�V�|�: P �w x �2
ª�q y �2
ª�›�|

�f�•�g�• cos θ�¢�¯�±� �ï�³�”�»�£�q sin θ�¢�±� �ï�³�”�»�£�q���[�`�‡�b�}�Ü�p	{�Z�y�|{
x = cos θ

y = sin θ
(4.1)

�q�M�O�\�q�p�b�}�‡�h�|�Ú
¢ OP �w���V�› tan θ�¢�»�ï�´�£�ï�Ä�³�”�»�£�q���[�`�‡�b�}

�Ü�p	{�Z�y�|

tan θ =
sin θ

cos θ

�q�s�“�‡�b�} 3 �m�w��
: cos θ�| sin θ�| tan θ �x���›�,
k�t
>�Q�o���[�^�•�h��
:�p�K�”�w

�p�| ����
:�¢ circular function�£ �q�‘�y�•�”�\�q�U�K�“�‡�b�}�\�\�p�|�®�~�¯��
:

�q�°	y�a�Œ�s�M�T�¯�q�¥�O
��‹�M�”�T�‹�`�•�‡�d�œ�U�|�˜�_�˜�_����
:�q�M�O
¯�q�›�`�h

�w�t�x�g���U�K�“�|�f�•�x 4.2 
…�w�7�™�p�Ì�’�T�t�s�“�‡�b�}
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$ 4.1

�^�o�|�Õ�«�Ä�ç −→a = (x, y) �›�¯ θ �s�8�^�d�h�Õ�«�Ä�ç�›
−→
a′ = (x′, y′) �q�b�”�q�|����


:�›�;�M�”�\�q�t�‘�l�o�Ž�<�w�����U
R�“�q�j�‡�b�•{
x′ = cos θ · x− sin θ · y
y′ = sin θ · x+ cos θ · y

(4.2)

�\�w	Â�Ì�p�b�U�|�ß�Q�M�•�G�ø�U	—�‘
ó�v�s�w�p�|
Ç�å C �t�s�`�h�M�q�¥�M�‡�b�}

�\�\�p	O�A�s�\�q�x�|

�â�”�«�æ�¿�Å�w�Õ�^�x�s�8�p
Æ�!�t�s�l�o�M�”

�q�M�O�\�q�p�b�}�\�•�›	Â�Ì�b�”�h�Š�t�Í�w�Ä�î�›�;�M�‡�b�•

cos2 θ + sin2 θ = 1 (4.3)

�\�w�Ü�x�|�: (cos θ, sin θ) �U�� x2 + y2 = 1 	Í�t�K�”�\�q�T�’	H�M�‡�b�}�\�\�p�| x–y ��

�Ø�t�S�Z�”�: O �›�¤	ú�q�b�”
R�� 1 �w���x�|
√
x2 + y2 = 1�|�b�s�˜�j�| x2 + y2 = 1 �q


¯�^�•�”�\�q�t�«�™�`�o�X�i�^�M�}�\�•�x�|�: O �›�¤	ú�q�b�”
R�� 1 �w���w���[�U�|�®�:

O �T�’�â�”�«�æ�¿�Å�w�Õ�^�p���l�h�‘�m�U 1 �p�K�”�:�›	B�Š�h�‹�w�¯�i�T�’�p�b�}�`�h

�U�l�o�| (4.2)�| (4.3) �‘�“�|
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x′ 2 + y′ 2 = (cos θ · x− sin θ · y)2 + (sin θ · x+ cos θ · y)2

= cos2 θ · x2 − 2 cos θ sin θ · xy + sin2 θ · y2

+ sin2 θ · x2 + 2 sin θ cos θ · xy + cos2 θ · y2

= (cos2 θ + sin2 θ)x2 + (cos2 θ + sin2 θ)y2

= x2 + y2

�q�s�”�w�p�|
x′ 2 + y′ 2 = x2 + y2

�U
R�“�q�j�‡�b�}�m�‡�“

�â�”�«�æ�¿�Å�2�?�q�x�|�s�8�t�‘�”
Æ�!�g�æ

�q�M�O�\�q�U�p�V�‡�b�}�h�i�`�|�î�M�t�x�s�8�Ž�Ž�t�‹�Õ�^�q�¯�S�›
Æ�!�t�b�”�!�õ�U�K

�”�\�q�›�«�™�`�o�S�V�‡�b�¢�h�q�Q�y�|���æ� �ˆ�•
¢�0	¶� �ˆ�£�}�\�\�p�|�â�”�«�æ�¿�Å

�2�?�t�S�Z�”�2
ª�!�õ�t�‘�”
Æ�!�”�w	O�A
Q�›
†�Ì�`�‡�b�}�f�w�h�Š�t�|�‡�c�ù�‰�w���[

�›�¥�M	Z�`�o�S�V�‡�`�•�O�}�¢�°
`�$�s�­�J	{�t�S�Z�”�£ 2 �m�w���¯���U�ù�‰�p�K�”�\�q

�w���[�x�|�® 2 �m�w���¯���›�&�p�t� �ˆ�^�d�”�\�q�p�|�"�M�›���M�t�}�l�h�“�q	O�v�’�•�”

�\�q�¯�p�`�h�}�`�T�`�|�«�™
��X�ß�Q�”�q 1 �m�w�Y�ð�U
Ô�T�|�‡�b�}�f�•�x�|


$���›� �ˆ�^�d�”�\�q�p
$���×
��U�!�=�`�o�`�‡�O�\�q�U�K�”�w�p�x�s�M�T�•

�q�M�O�Y�ð�p�b�}�f�œ�s�\�q�K�“�Q�s�M�q�¥�O
��‹�M�”�T�‹�`�•�‡�d�œ�U�|�«�Q�y�q�î
H

�„�t�S�M�o�&�p�s
ú�.�›�‚�w��
��X�‡�p� �ˆ�^�d�h�q�b�”�q�|�f�w
ú�.�x�y�—�p�r�œ�r�œ

�!���`�o�M�l�o�`�‡�M�‡�b�v�}�\�w�‘�O�t�|�q�î
H�„�p�x	Ô	t�t�‘�l�o�‡�X�—�U�!�˜�l�o

�`�‡�O�¢�b�s�˜�j�b�‚�o�w�2
ª�U���s�p�s�M�£�h�Š�|�ù�‰�w�“�æ�x�™�¯�›�Ë�j�‡�d�œ�}�p

�x�ù�‰�w�“�æ�t�™�¯�›�Ë�h�b�h�Š�t�r�O�b�”�T�•�f�w�t�Q�q�s�”�w�U�ù�‰�¬�g�p�b�}�ù�‰

�¬�g�q�x�|�®���¯���x�f�w���›�!�Q�c�t�×���t� �ˆ�^�d�”�\�q�U�p�V�”�¯�q�M�O�¬�g�p�b�}

�\�•�›�‹�O	—�`
:�¶�$�t	\�‚�•�y�|�®���¯���w�Õ�^�q�¯�S�›�!�Q�s�M�‘�O�s�2
ª�!�õ�U��

�O�b�”�¯�q�M�O�\�q�p�b�}�m�‡�“�|

�ù�‰�¬�g�w�Š�í�x�Õ�^�q�¯�S�U
Æ�!�”�q�s�”�2
ª�!�õ�w���O�›�-	Â�b�”�\�q

�i�l�h�w�p�b�}�`�h�U�l�o�|�â�”�«�æ�¿�Å�2�?�¶�w�„�q�œ�r�b�‚�o�w���g�U�ù�‰�¬�g�T�’

�‹�T�•�o�M�h�\�q�t�«�™�b�•�y�|�2
ª�!�õ�t�‘�”
Æ�!�”�w	O�A
Q�U�˜�T�”�w�p�x�s�M�`�•

�O�T�}
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�^�o�|�s�8�x����
:�p
¯�Ô�p�V�o�M�‡�`�h�}�^�’�t�|
Œ�„�r�‹	\�‚�‡�`�h�U�|���q�x�|

�K�”�:�T�’�â�”�«�æ�¿�Å�w�Õ�^�p���l�h�‘�m�U�°���p�K�”�:�›	B�Š�h
$���p�b�}�b�”�q�|

�®�Û�ï�¯�Ñ�µ�©�”�w�Õ�^�p���l�h�‘�m�U�°���p�K�”�:�›	B�Š�h
$���q�x�?�T�•�¯

�q�M�O�Y�ð�U�˜�M�o�\�s�M�p�`�•�O�T�}�î�M�|�›�t�‘�m�› 1 �q�`�o�|�f�w
$���›�Ü�p
¯�q

�b�•�y�| (3.3) �‘�“�|
x2 − (ct)2 = ±1

�q�s�“�‡�b�}�›�t x2 − (ct)2 = 1 �x�|
$ 4.2 �w�‘�O�s
Ò�Â
¢�t�s�l�o�M�‡�b�¢�:
¢�w�¬

�å�Ñ�x�|
S
z�«�p�S�s�a�ˆ�w�Ú�¯
Ò�Â
¢�p�b�U�| 2 �m�w
Ò�Â
¢�x�®�s�8�¯�p	O�s�“�‡�b�£�}

�‘�l�o�|


Ò�Â
¢��
:�s�”�‹�w�U�K�•�y�|�é�”�è�ï�À�!�õ�›
¯�Ô�p�V�”�w�p�x�s�M�T

�q�M�O�8�4�U�ô�‡�“�‡�b�}


$ 4.2

4.2 
Ò�Â
¢��
:�q�é�”�è�ï�À�!�õ

�^�o�| 3.1 
…�w�7�™�t�S�M�o�|�•
:�U�â�”�«�æ�¿�Å�2�?�q�Û�ï�¯�Ñ�µ�©�”�2�?�w�±���t

�#�h�˜�l�o�M�”�w�p�x�s�M�T�q�M�O�G�~�s�'
Ý�›�q�o�‡�`�h�}�f�\�p�|�•
:�w
H�„�p
‡

	×�t���Ê�s �¦� �å�”�w�¬�Ü �t�J	Ô�`�o�‹�’�M�‡�`�•�O�} e �›�É� �Ð�ž
:�¢�h�i�w��
:�i�q

�¥�l�o�X�•�o�A�Ï�p�b�£�| i �›�•
:�o�•�¢�¬�Ý�p�b�U�|�•
:�o�•�q�x i2 = −1 �›�¬�h�b
:
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�w�\�q�p�b�£�q�`�h�q�V�t�|�b�‚�o�w�î
: θ �t�m�M�o�Í�w�s�Ü�U
R�“�q�j�‡�b�•

eiθ = cos θ + i sin θ (4.4)

�\�\�p�|	—�‘�1�<�“�$�p�b�U�|�¦� �å�”�w�¬�Ü�t�S�M�o�| θ �› −θ �t�`�o�ˆ�‡�`�•�O�}

cos(−θ) = cos θ �q sin(−θ) = − sin θ�¢
$ 4.1 �p�f�w�g���›�ß�Q�o�ˆ�o�X�i�^�M�£�t�«�™

�b�•�y�|
e−iθ = cos θ − i sin θ (4.5)

�U
R�“�q�j�‡�b�}�\�•�‘�“�| (4.4) �q (4.5) �w�è�›	��“ 2 �p�Â�•�y�|

cos θ =
eiθ + e−iθ

2
(4.6)

�q�s�“�‡�b�}�°�M�| (4.4) �q (4.5) �w�)�›	��“�| 2 �p�Â�•�y�|

sin θ =
eiθ − e−iθ

2i
(4.7)

�q�s�“�‡�b�} (4.6) �q (4.7) �w�È�%�›�_�”�q�| θ �t iθ �›�E�Ö�`�o�ˆ�h�M�q�M�O�>�Ë�j�t�s

�“�‡�d�œ�T�} *15�f�O�b�•�y�| i · i = −1 �‘�“�|�È�%�w�•
:�U	«�Q�o�X�•�”�T�’�p�b�}�q�M

�O�\�q�p�|�‡�c (4.6) �t�S�M�o�| θ �› iθ �q�b�•�y�|

cos(iθ) =
eθ + e−θ

2
(4.8)

�q�s�“�‡�b�}�‡�h�| (4.7) �t�S�M�o�| θ �› iθ �q�b�•�y�|

sin(iθ) =
e−θ − eθ

2i

�q�s�“�‡�b�}�‡�h�|	Í�Ü�w�†�%�t −i �›�»�Z�”�q

−i sin(iθ) = eθ − e−θ

2
(4.9)

*15 �h�i�`�|�k�µ�t�t�Q�y�| (4.6) �q (4.7) �w�(�%�w θ �t iθ �›�E�Ö�p�V�”�T�˜�T�“�‡�d�œ�}�s�e�s�’�|�~�¯��


:�x�‡�i�î
:�p�`�T���[�`�o�M�s�M�T�’�p�b�}
ó
É��
:�w�~�¯��
:�›���[�b�”�t�x�|�Õ�©�ƒ
:�2�‰�¢�v�t

	{�Z�y�|�Á�v�Í�w���ò�Ü�p
¯�b�\�q�£�›�–�O�w�U�Ù�Ð�á�å�”�p�b�U�|�f�w	)��
Q�s�r�›�V�j�œ�q
†�Ì�`�‘

�O�q�b�”�q�Ø�W�s�^�æ�U�h�X�^�œ�4�l�o�M�‡�b�}�h�i�`�|�f�w
æ
ü�^�Q�Ý�Š�o�`�‡�Q�y�|�¦� �å�”�w�¬�Ü

�‹�0�›�t�‹�X�\�q�U�p�V�‡�b�}
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�q�!���p�V�‡�b�}�\�\�p�| (4.8) �q (4.9) �‘�“�|

{cos(iθ)}2 − {−i sin(iθ)}2 =

{
eθ + e−θ

2

}2

−
{
eθ − e−θ

2

}2

=
e2θ + 2 + e−2θ

4
− e−2θ − 2 + e2θ

4
= 1

�q�s�“�‡�b�¢ eθ×e−θ = eθ−θ = e0 = 1 �t�«�™�`�o�X�i�^�M�£�}�`�h�U�l�o�| cos(iθ) = X �|

−i sin(iθ) = Y �q�p�‹�S�M�o�•�•�y�|

X2 − Y 2 = 1

�q�s�“�‡�b�}�\�•�x X–Y ���Ø�t�S�Z�”
Ò�Â
¢�w�Ü�p�b�‚�\�•�‘�“�|

cosh θ = cos(iθ) (4.10)

sinh θ = −i sin(iθ) (4.11)

�q���[�`�‡�b�}�‡�h�|����
:�t�x tan θ �‹�K�l�h�\�q�›�ß�€�`�o�|

tanh θ = −i tan(iθ) (4.12)

�q���[�`�‡�b�}

3 �m�w��
: cosh θ�¢�Ë� �Í�Ø�æ�¿�«�¯�±� �ï�³�”�»�£�| sinh θ�¢�Ë� �Í�Ø�æ�¿�«�±� �ï

�³�”�»�£�| tanh θ�¢�Ë� �Í�Ø�æ�¿�«�»�ï�´�£�ï�Ä�³�”�»�£�x 
Ò�Â
¢��
: (hyperbolic

function) �q�‘�y�•�o�M�‡�b�}


$ 4.3 
$ 4.4
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�^�o�| 4.1 
…�p�Ô�&�`�h�è�“�|�î�x�é�”�è�ï�À�!�õ�x
Ò�Â
¢��
:�p
¯�Ô�p�V�‡�b�}�‡�c�|

�é�”�è�ï�À�!�õ�x 
x′ =

1√
1− v2

x− v√
1− v2

t

t′ = − v√
1− v2

x+
1√

1− v2
t

(4.13)

�q	{�Z�‡�b�}�h�i�`�|�M�‡���o�w�h�Š (3.4) �t�S�M�o c = 1 �q�`�‡�`�h�}�\�•�x
ú�g�$�t

�x�™�¯�›�Ë�j�‡�d�œ�U�|
:�¶�$�t�x�h�i�2
ª�›	—�`�Ð
T�`�h�i�Z�p�b�¢ ct �›	ý�h�t t �q�S

�Z�y�M�M�w�p�b�£�}

�\�\�p�| tan θ �w���[�x�|

tan θ =
sin θ

cos θ
(4.14)

�p�`�h�U�|�\�w�Ü�w θ �› iθ �t�S�V�T�Q�•�y�|
Ò�Â
¢��
:�w���[�T�’�|

tanh θ =
sinh θ

cosh θ
(4.15)

�U
R�“�q�j�‡�b�}�‡�h�| (4.3) �w�†�%�› cos2 θ �p�Â�•�y�|

1 +
sin2 θ

cos2 θ
=

1

cos2 θ

�q�s�“�‡�b�}�\�w�Ü�q�| (4.14) �‘�“�|

1 + tan2 θ =
1

cos2 θ

�q�s�“�‡�b�}
Œ�q�‰�7�t�`�o�| θ �› iθ �t�S�V�T�Q�•�y�|

1− tanh2 θ =
1

cosh2 θ
(4.16)

�q�M�O�Ü�U�˜�’�•�‡�b�}�\�\�p�|
v = − tanh θ (4.17)

�q�S�X *16�q�| (4.16) �‘�“�|

1− v2 =
1

cosh2 θ

*16 �«�™
��M
��x�|�Š�p�t�f�w�‘�O�s θ �U���O�b�”�T�U
Æ�†�t�s�”�T�‹�`�•�‡�d�œ�U�|�V�j�œ�q���O�`�‡�b�}

�î�M�| tanh θ �U�±�[�o�Ð
ÿ�C�s�È����
:�p�K�”�\�q�¢
$ 4.4�£�›�Ý�Š�•�y�| tanh θ �w�o��
: tanh−1 θ �U

���O�b�”�w�p�| θ = − tanh−1 v �q�b�•�y�M�M�\�q�U�˜�T�“�‡�b�}
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�q�s�“�‡�b�} cosh θ �x 1 �Ž	Í�w�‹�›�q�”�\�q�¢
$ 4.3 �›�_�o�X�i�^�M�£�\�q�t�«�™�b�•�y�|

cosh θ =
1√

1− v2
(4.18)

�q�{�‡�“�‡�b�}�‘�l�o�| (4.15) �t�| (4.17) �q (4.18) �›�E�Ö�b�”�q�|

sinh θ = − v√
1− v2

(4.19)

�q�s�“�‡�b�}�Ž	Í�‘�“�| (4.13) �t (4.18) �q (4.22) �›�E�Ö�b�”�\�q�t�‘�l�o�|{
x′ = cosh θ · x+ sinh θ · t
t′ = sinh θ · x+ cosh θ · t

(4.20)

�U
R�“�q�j�‡�b�}�‘�l�o�|�é�”�è�ï�À�!�õ�U
Ò�Â
¢��
:�p
¯�Ô�p�V�”�\�q�U�˜�T�“�‡�`

�h�}�b�s�˜�j�|

���S�›�;�M�o
ú�g�$�t
¯�G�^�•�h (4.13) �›

�¯�S�›�;�M�o�2�?�$�t
¯�G�`�h�‹�w�U (4.20) �p�K�”

�q�
�Q�”�\�q�U�p�V�‡�b�}�\�w�\�q�T�’�‹�| 3 
…�w�o�„�p	\�‚�h�®�›	�
ì�0
Q�g�æ�q�x�2

�?�¶�q�`�o�w�Û�ï�¯�Ñ�µ�©�”�í���æ�›
ú�g�$�t�r	
�`�h�‹�w�p�K�”�¯�q�M�O�\�q�w�™�¯�U

�˜�T�”�w�p�x�s�M�p�`�•�O�T�}

�\�\�p�|�é�”�è�ï�À�!�õ�U
Ò�Â
¢��
:�p
¯�Ô�p�V�”�w�p�x�s�M�T�q�M�O�G�~�s�'
Ý�›�q

�o�’�•�h���Œ�›�¥�M	Z�`�o�<�^�M�}�f�•�x�| �®�â�”�«�æ�¿�Å�í���t�S�Z�”�2
ª�!�õ�x�s�8

�p�K�“�|�s�8�x����
:�p
¯�q�p�V�|����
:�w�°���±�q�x�â�”�«�æ�¿�Å�w�Õ�^�p���l�h�‘�m

�U�°���w�:�w	B�ù�p�K�”�¯�q�M�O�Ä�î�t�S�M�o�|

�â�”�«�æ�¿�Å�í�� ←→ �Û�ï�¯�Ñ�µ�©�”�í���| �s�8 ←→ �é�”�è�ï�À�!�õ

����
: ←→ 
Ò�Â
¢��
:�| �� ←→ 
Ò�Â
¢

�â�”�«�æ�¿�Å�w�Õ�^ ←→ �Û�ï�¯�Ñ�µ�©�”�w�Õ�^

�q�M�O�0� �����›�K�o�x�Š�o�ˆ�h�T�’ �p�`�h�}�\�w�\�q�T�’�|�~�¯��
:�›�˜�_�˜�_����
:

�q�`�o�6���[�`�h�g���U�g�r�p�V�”�w�p�x�s�M�T�q�¥�M�‡�b�}

�‡�h�|�s�8�w�Ü (4.2) �q�é�”�è�ï�À�!�õ�w�Ü (4.20) �x
‡	×�t�Å�è�l�h���t�s�l�o�M�‡�b

�v�} 3.2 
…�t�S�M�o�|�® x′–ct′ �à�x�| x–ct �à�›�s�8�^�d�h�‹�w�t�s�l�o�M�”� �̄q	{�V�‡�`�h

�U�|�f�w
Y�p
Q�U�\�\�t�‹�K�“�‡�b�}�î�M�|�é�”�è�ï�À�!�õ�x 
Ò�Â�s�8 �q�‘�y�•�”�\�q�‹

�K�”�w�p�b�}
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4.3 2 �m�w�2�?�w�M�Z�®

3.1 
…�w�7�™�t�•
:�Ì�� it �s�”�‹�w�›�‹�Ö�`�‡�`�h�¢�M�‡ c = 1 �q�`�o�M�”�\�q�t�«�™

�`�o�X�i�^�M�£�} 4.2 
…�w�A�L�›�•�‡�Q�”�q�|

�•
:�w�¯ iθ �›�ß�Q�o�ˆ�h�X�s�”

�w�p�x�s�M�p�`�•�O�T�}�î�M�|�s�8�w�Ü (4.2) �t�S�M�o�| y �q y′ �›�f�•�g�• it �q it′ �t�|

�f�`�o θ �› iθ �t�S�V�T�Q�o�ˆ�”�q�|{
x′ = cos(iθ) · x− i sin(iθ) · t
it′ = sin(iθ) · x+ i cos(iθ) · t

(4.21)

�U
R�“�q�j�‡�b�}�q�\�–�p�| sinh θ �w���[�Ü�p�K�” (4.11) �x�|�†�%�t i �›�»�Z�”�\�q�p�|

i sinh θ = sin(iθ) (4.22)

�q�!���p�V�‡�b�} (4.21) �t�| cosh θ �w���[�Ü (4.10) �q (4.22) �›�E�Ö�b�•�y�|{
x′ = cosh θ · x+ sinh θ · t
t′ = sinh θ · x+ cosh θ · t

�q�s�“�‡�b�¢�H 2 �Ü�è�x�†�%�› i �p�Â�“�‡�`�h�£�}�?�q�\�w�Ü�x�é�”�è�ï�À�!�õ (4.20) �q

�‰�a�t�s�”�w�p�b�‚�‡�q�Š�•�y�|

�Ì���q�¯�›�•
:�t�!�õ�b�”�\�q�p�s�8�q�é�”�è�ï�À�!�õ�U�(�U�”

�q�M�O�\�q�p�b�}�f�`�o�|�â�”�«�æ�¿�Å�2�?�q�x�®�s�8�t�‘�”
Æ�!�g�æ�¯�¢ 4.1 
…�£�p�K�“�|

�Û�ï�¯�Ñ�µ�©�”�2�?�q�x�®�é�”�è�ï�À�!�õ�t�‘�”
Æ�!�g�æ��̄¢ 3.3 
…�£�p�`�h�}�\�•�’�w�Ä

�î�›	B�ÿ�b�•�y�|

�â�”�«�æ�¿�Å�2�?�q�Û�ï�¯�Ñ�µ�©�”�2�?�x�|�•
:�›�p�`�o�(�U�”

�q�M�O�\�q�U�˜�T�“�‡�b�}�b�s�˜�j�|

�•
:�x�|�â�”�«�æ�¿�Å�2�?�q�Û�ï�¯�Ñ�µ�©�”�2�?�w�M�Z�®�p�K�”

�q�A�æ�n�Z�’�•�”�w�p�b�}���Ê�s�Ä�î�q�`�o�|�¦� �å�”�w�¬�Ü (4.4) �x�®�•
:�U�¦
:��
:

�¢�(�%�£�q�~�¯��
:�¢�(�%�£�w�M�Z�®�q�s�l�o�M�”�¯�q�M�O�\�q�›�Ô�`�o�M�‡�b�U�|�\�w


…�p	\�‚�o�V�h�\�q�T�’�‹�•
:�x�®�›�M�Z�”�w�U�˜�™�s
:�i�q�M�O�\�q�U�˜�T�“�‡�b�v�}
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�\�w�Ö�”�´�Ž�ñ�x�|�Š���p	\�‚�’�•�s�T�l�h�M�X�m�T�w�Ä�ò�›
Ç�å�q�`�o�L�d�‡�b�}
Ç

�å�x�K�”���S�ô�Í
:�¶�t�ó�•�h
��²�Z�t	{�M�o�M�”�q�M�O�\�q�›�«�™�`�o�S�V�‡�b�}�‡

�h�|�Š���q�x�Ÿ�s�“�|�G	\���Ü�‹�°
`�w
:�¶	{�t�•�•�Ù�M�‹�w�t�`�o�K�“�‡�b�}


Ç�å A �é�”�è�ï�À�!�õ�t�m�M�o�w�4�


�\�w
Ç�å�p�x�|�‡�c�é�”�è�ï�À�!�õ�w
¯�Ô�Ü�›	Â�Ì�`�‡�b�}�f�w�K�q�t�|�Š���t�S�M�o

�«�Ì�-�›�;�M�o�®
†�Ì�¯�`�h�Ì���w�—�•�q�Õ�^�w	V�ˆ�›�|�é�”�è�ï�À�!�õ�›�;�M�o�V�j�œ

�q	Â�Ì�`�‡�`�•�O�}�7�™�t�|�é�”�è�ï�À�!�õ�›�;�M�o
ì�0�æ�t�S�Z�”���S�w�ù
R���›	Â�Ì

�`�‡�b�}

A.1 �é�”�è�ï�À�!�õ�w�‹	Z

�\�w�ò�p�x�|�é�”�è�ï�À�!�õ�w
¯�Ô�Ü�|�b�s�˜�j�Í�w���g�›	Â�Ì�`�‡�b�}�h�i�`�|	Â

�Ì�t�S�Z�”�-�‰�w�N�ù	Í�|�Š���q�x
¯�G�›�!�Q�o�M�‡�b�¢ ct �› 1 �m�w�!
:�q�x�¥�l�o�M

�s�M�£�}

���g A.1�¢�é�”�è�ï�À�!�õ�£

2 �m�w�2
ª�% S �q S′ �U�K�“�| S′ �w�j�: O′ �x S �w�j�: O �t�0�`�o
ì�0���S v �p�á

�ˆ�`�o�M�”�q�b�”�}�h�i�`�| S �%�w�2
ª�› (x, t)�| S′ �%�w�2
ª�› (x′, t′) �q�S�X�}�\

�w�q�V�| 
x′ = γx− γvt

t′ = −γ v

c2
x+ γt

(A.1)

�U
R�“�q�m�}�h�i�`�| c �x�«���›
¯�b��
:�p�K�“�| γ �x

γ =
1√

1− v2

c2

�p���[�^�•�”�é�”�è�ï�À�¼� �p�K�”�}

���g�w	��Á�t�®�2
ª�%�¯�q�M�O�t�?�U�–�˜�•�o�M�‡�b�U�|�\�•�x�®�r�w�‘�O�s�
��	��T�’

�_�”�T�•�¯�q�M�O�™�¯�p�b�}�b�s�˜�j�|�® S′ �w�j�: O′ �x S �w�j�: O �t�0�`�o
ì�0���S v

�p�á�ˆ�`�o�M�”�¯�q�x�|�® S ���›�,	j�t�ß�Q�”�q�| S′ ���x���S v �p�ˆ�M�o�M�”�¯�q�M�O�\

�q�›�™�¯�`�o�M�‡�b�}
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���g�w	Â�Ì�w�h�Š�t�|�›	�
ì�0
Q�g�æ�w�,�Š�j�g�›�¥�M	Z�`�o�S�V�‡�`�•�O�{

�›	�
ì�0
Q�j�g

�ó
Q�%�t�S�M�o�|�b�‚�o�w
ú�g�O���x�‰�°�p�K�”�}

�«���S
Æ�!�w�j�g �y

�ó
Q�%�t�S�M�o�|�«���S�x
Æ�!�p�K�”�}

�h�i�`�|�ó
Q�%�q�x�|�s���Ú
¢�á�ˆ�b�”�2
ª�%�w�\�q�›�¦�`�‡�b�}�\�w 2 �m�w�,�Š�j�g

�U�|�é�”�è�ï�À�!�õ�‹	Z�w�§�ª�t�s�“�‡�b�}�^�’�t�‹�O�
�m�|�È�q�M���Ü�w�r�O�t���b�”

���g�›	j
‹�`�o�S�V�‡�b�¢�f�w�‘�O�s�|�K�”���g�›	Â�Ì�b�”�M�t�“�é�q�s�”�Ë�J�› �4�J �q

�M�M�‡�b�£�}

�4�J A �y 2 �i�È�q 1 �Í�M���Ü {
Ax+Bt = α

Cx+Dt = β

�w�r x�| t �x�| AD −BC ̸= 0 �s�’�y�|
x =

1

AD −BC
(Dα−Bβ)

y =
1

AD −BC
(−Cα+Aβ)

�q
¯�Ô�p�V�”�}�‡�h�| AD −BC = 0 �s�’�y�|�)�Q�’�•�h 2 �i�È�q 1 �Í�M���Ü�w�r

�x���O�`�s�M�T�| 1 �m�t���‡�’�s�M�}

	Â�Ì �y
²
R�w	��Á�x�|�C�n�O�p�!
:�›	«�ˆ�b�•�y�0�›�t�Ô�d�‡�b�}�é�.�$�t�x�|�H 1 �Ü�t

D �›	Ð�a�H 2 �Ü�t B �›	Ð�a�o 2 �Ü�›�
�`�ù�Q�y�|

(AD −BC)x = Dα−Bβ (A.2)

�q�s�“�| t �U	«�ˆ�p�V�‡�b�}�^�’�t�| AD −BC ̸= 0 �w�>���T�’�†�%�› AD −BC �p�Â�•

�y�|�l�ˆ�w x �w
¯�Ô�Ü�U�{�‡�“�‡�b�}�‰�7�t�`�o�| t �w
¯�Ô�Ü�‹�Ô�b�\�q�U�p�V�‡�b�}
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�™
R�w	��Á�x�| (A.2) �t�S�M�o�| AD −BC = 0 �q�b�•�y�|

0 · x = Dα−Bβ

�q�s�“�‡�b�U�| Dα − Bβ ̸= 0 �s�’�y 0 · x ̸= 0 �q�s�“�|�\�w�Ü�›�¬�h�b x �x���O�`�‡�d

�œ�¢�b�s�˜�j�r�›�Ë�h�s�M�£�}�‡�h�} Dα − Bβ = 0 �s�’�y 0 · x = 0 �q�s�“�|�\�w�Ü�x�r

�œ�s x �t�0�`�o�‹
R�“�q�j�‡�b�¢�b�s�˜�j�r�x 1 �m�t���‡�’�s�M�£�}�\�•�‘�“�|�A�æ�U	H

�M�‡�b�} �

	j
‹�U
T�l�h�w�p�|���g�w	Â�Ì�t�Ö�“�‡�`�•�O�}�‡�c�| S �%�T�’ S′ �%�•�w�2
ª�!�õ�p

�K�”�é�”�è�ï�À�!�õ�x {
x′ = ax+ bt

t′ = dx+ et
(A.3)

�q�| 1 �Í�Ü�p	{�Z�o�M�”�q�>���b�”�\�q�U�p�V�‡�b�}�q�M�O�w�‹�|�‹�`�é�”�è�ï�À�!�õ�t

2 �Í�Ž	Í�w�ò�U�Ö�l�o�M�”�q�| S �%�p�s���Ú
¢�á� �̂¢ 1 �Í�Ü�£�i�l�h�‹�w�U S′ �%�p�x�C��

�S�á�ˆ�¢ 2 �Í�Ü�Ž	Í�£�t�s�l�o�`�‡�O�\�q�U�K�“�‡�b�U�|�f�•�g�•�w�2
ª�%�x�“�M�t�s��

�Ú
¢�á�ˆ�›�`�o�M�”�w�i�T�’�|�\�•�x�I�\�“�˜�‡�d�œ�}�`�h�U�l�o�|�é�”�è�ï�À�!�õ�x 1

�Í�Ü�p	{�Z�”�\�q�U�˜�T�“�‡�`�h�} *17�^�’�t�|

ae− bd ̸= 0 (A.4)

�‹�>���b�”�\�q�U�p�V�‡�b�}�\�w�\�q�›
��g�O�p�Ô�b�h�Š�t�| ae − bd = 0 �q�>���`�‡

�`�•�O�} (A.3) �› x, t �›�°�Œ
:�q�b�” 2 �i�È�q 1 �Í�M���Ü�q�ˆ�s�b�q�|�4�J A �T�’�\�w

�È�q�M���Ü�x x, t �t�m�M�o�r�X�\�q�U�p�V�‡�d�œ�¢�r�U���O�`�s�M�T�
�m�t���‡�’�s�M�£�}

�t�M�õ�Q�•�y�|�\�w�!�õ�x S �%�T�’ S′ �%�•�w
‡�D�o�!�õ�¢�°�M�è�æ�w�!�õ�£�t�s�l�o�`

�‡�O�q�M�O�\�q�p�b�}�q�\�–�U�|�\�w�\�q�x�›	�
ì�0
Q�j�g�t�Ã	l�`�‡�b�}�s�e�s�’�|�›

	�
ì�0
Q�j�g�x�b�‚�o�w�ó
Q�%�x�0�s�p�K�”�\�q�›	��Á�`�o�M�‡�b�U�|�!�õ�U
‡�D�o�t

�s�”�q�M�O�\�q�x S �%�q S′ �%�U�0�s�p�s�M�\�q�›�™�¯�`�o�M�”�T�’�p�b�}�`�h�U�l�o�|

ae− bd ̸= 0 �U�Ô�d�‡�`�h�}

�^�o�| (A.3) �t�S�Z�” a, b, c, d �›�>���p�V�•�y�|�é�”�è�ï�À�!�õ�w�Ü�U�{�‡�“�‡�b�}�f

�w�h�Š�t�‡�c�| S′ �%�w�j�: O′ �›�ß�Q�‡�b�}�>���‘�“ O′ �x S �%�t�0�`�o���S v �p�ˆ�M�o

�M�”�w�p�| O′ �x S �%�t�S�M�o�|
x = vt

*17 �\�•�x
:�¶�$�t�k�µ�s	Â�Ì�t�x�s�l�o�M�‡�d�œ�}�V�j�œ�q	Â�Ì�b�”�t�x�|
¢���E
:�w�Œ�Ý�U
ž�A�t�s�“�‡

�b�}�î�M�|�®�Ú
¢�›�Ú
¢�t�ø�`�|�j�:�›�j�:�t� �b�|�D�o�s�!�õ�¯�x
¢���!�õ�t�v�’�•�”�\�q�U	Â�Ì�p�V

�‡�b�}
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�q
¯�b�\�q�U�p�V�‡�b�}�°�M�| O′ �x S′ �%�w�j�:�p�K�”�w�p�| O′ �x S′ �%�t�S�M�o�|

x′ = 0

�q
¯�b�\�q�U�p�V�‡�b�}�\�•�’ 2 �Ü�x�‰�Ì�t
R�“�q�l�o�M�s�Z�•�y�M�Z�s�M�w�p�|�f�•�’

�› (A.3) �w�H 1 �Ü�t�E�Ö�b�•�y�|

0 = a(vt) + bt ∴ (av + b)t = 0

�q�s�“�‡�b�U�|�\�w�Ü�U�Ú�™�w t �t�m�M�o
R�“�q�l�o�M�s�M�q�M�Z�s�M�w�p�|

b = −av (A.5)

�U�˜�’�•�‡�b�}�‡�h�| S �%�w�j�: O �›�ß�Q�o�ˆ�‡�`�•�O�}�b�”�q�|�>���‘�“ O �x S′ �%�t

�0�`�o���S −v �p�ˆ�M�o�M�‡�b�w�p�| O �x S′ �%�t�S�M�o�|

x′ = −vt′

�q
¯�d�‡�b�}
Œ�q�‰�7�t�`�o x = 0 �‹
R�“�q�m�w�p�| 2 �Ü�› (A.3) �t�E�Ö�b�•�y�|{
−vt′ = bt

t′ = et
∴ b = −ev

�`�h�U�l�o�| (A.5) �q�ù�˜�d�•�y�|
e = a (A.6)

�U	H�M�‡�b�v�¢�h�i�`�| v = 0 �w�q�V	Â�Ì�b�”�\�q�x�s�M�w�p v ̸= 0 �›�>���`�‡�`�h�}�£�}

�Í�t�|�«���S
Æ�!�w�j�g�›���Ü�=�`�‡�`�•�O�}�«���S c �x S �%�q S′ �%�r�j�’�T�’�_�o

�‹
Æ�!�s�w�p�|
x = ct, x′ = ct′

�U
R�“�q�h�s�Z�•�y�M�Z�‡�d�œ�}�\�•�’�› (A.3) �t�E�Ö�b�”�q�|{
ct′ = act+ bt

t′ = dct+ et

�U�˜�’�•�”�w�p�|�H 2 �Ü�t c �›	Ð�a�o t′ �›	«�ˆ�b�•�y�|

act+ bt = dc2t+ ect

�q�s�“�‡�b�}�`�h�U�l�o�| (A.5) �q (A.6) �›�E�Ö�b�•�y�|

act− avt = dc2t+ act ∴ d = −av

c2
(A.7)
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�U
R�“�q�j�‡�b�}�^�’�t�| (A.5)-(A.7) �› (A.3) �t�E�Ö�b�•�y�|x′ = a(x− vt)

t′ = a(− v

c2
x+ t′)

(A.8)

�U	H�M�‡�b�}�\�\�p�| (A.5)-(A.7) �›�>���w (A.4) �t�E�Ö�`�o
T�g�b�•�y�|

a2(1− v2

c2
) ̸= 0

�q�s�”�w�p�|

a ̸= 0 �T�m 1− v2

c2
̸= 0

�U
R�“�q�j�‡�b�}�\�•�‘�“�| (A.8) �w�†�%�› a �p�Â�“�|�4�J A �w
²
R�w	��Á�›�&�;�b�”�\

�q�t�‘�l�o�| 
x =

1

a(1− v2

c2
)

(x′ + vt′)

t =
1

a(1− v2

c2
)

(
v

c2
x′ + t′)

(A.9)

�›�˜�‡�b�}

�^�o�| (A.8) �›�_�•�y�|�K�q�x a �^�Q���‡�•�y�é�”�è�ï�À�!�õ�U�{�‡�”�\�q�t�s�“�‡�b

�v�}�`�T�`�|�\�w�‡�‡�p�x a �›���Š�”�\�q�x�p�V�c�|	ý�h�t�>���U
ž�A�t�s�“�‡�b�}�f�•

�x�| a �U v �w�ˆ�t�‘���b�”�¢�È���£��
:�p�K�“�|

a(0) = 1 (A.10)

a(v) = a(−v) (A.11)

�U
R�“�q�m�q�M�O�¢
ú�g�$�t�x�×
µ�s�£�>���p�b�}�\�•�’�w�>���›�;�M�o a �›���Š�‡�`�•

�O�}�‡�c�| (A.8)�¢�p a = a(v) �q�`�h�Ü�£�t�S�M�o S �%�q S′ �%�w�þ�Â�›�Ö�•�õ�Q�o�^�æ

�b�”�\�q�t�‘�“�| x = a(−v)(x′ + vt′)

t = a(−v)( v
c2

x′ + t′)
(A.12)

�U
R�“�q�j�‡�b�}�s�e�s�’�| O �x O′ �t�0�`�o���S −v �p�á�ˆ�`�o�M�”�w�p�| S �%�q S′ �%

�›�Ö�•�õ�Q�o
\�a�”�§�M�x v �U −v �t�!�˜�”�\�q�i�Z�i�T�’�p�b�¢�›	�
ì�0
Q�j�g�U�®�M
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�o�M�”�\�q�t�«�™�`�o�X�i�^�M�£�}�‘�l�o�| (A.11) �T�’�|x = a(v)(x′ + vt′)

t = a(v)(
v

c2
x′ + t′)

(A.13)

�U
R�“�q�j�‡�b�}	Í�Ü�q�| (A.9) �w�Ü�›�_
z�‚�•�y�|

a(v) =
1

a(v)(1− v2

c2
)

∴ a(v) = ± 1√
1− v2

c2

�U�˜�’�•�‡�b�}�h�i�`�|�«���w
Q�í v < c �›�;�M�‡�`�h�¢�\�w	Ú�E�U�s�M�q�| a(v�£�U�•
:

�t�s�l�o�`�‡�M�‡�b�£�}�\�•�i�Z�p�x
Y
Ö�ø�q
Û
Ö�ø�w�r�j�’�›�q�l�o�M�M�w�T�˜�T�“�‡

�d�œ�U�|�>�� (A.10)�¢�q a(v) �w�È��
Q�£�U�K�”�\�q�t�‘�“�|

a(v) =
1√

1− v2

c2

= γ

�q�˜�T�“�‡�b�} *18�`�h�U�l�o�|�\�•�› (A.8) �t�E�Ö�b�•�y�|
x′ = γx− γvt

t′ = −γ v

c2
x+ γt

�q�s�“�| (A.1) �U�Ô�d�‡�`�h�} �

�\�\�p�|�Í�ò�w	j
‹�w�h�Š�| (A.1) �› x, t �t�m�M�o�r�X�\�q�›�ß�Q�‡�`�•�O�}�f�•�x�|

	Í�G	Â�Ì�¤�w (A.9) �t�S�M�o a = γ �q�b�•�y�‘�X�|�î�M�|
x = γx′ + γvt′

t = γ
v

c2
x′ + γt′

(A.14)

�q�M�O
¯�Ô�Ü�U�˜�’�•�‡�b�¢ (A.1) �t�S�M�o�| (x, t) �q (x′, t′) �›�Ö�•�õ�Q v �› −v �p�”�V

�õ�Q�”�\�q�t�‘�l�o�‹�˜�’�•�‡�b�£�}

*18 �k�µ�t�x (A.10) �T�’�i�Z�p�x�| a(v) �x v �U 0 �t�Ù�M
æ
ü�w�•�ˆ�`�T�>�‡�“�‡�d�œ�¢�«�Q�y�| |v| < 1

�p�x
Y
Ö�ø�›	��l�h�M�w��
:�p�K�l�o�‹�| |v| = 1 �p�x
Û
Ö�ø�›	��l�h�M�w��
:�t�s�l�o�M�”�T�‹�`�•�s

�M�£�}�Ú�™�w v �t�m�M�o a(v) �w�Ü�›�>���b�”�t�x�| a(v) �w�È��
Q�U
ž�A�t�s�“�‡�b�¢
��g�O�q�¤���‹�w

���g�p	Â�Ì�p�V�‡�b�£�}
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A.2 �é�”�è�ï�À�!�õ�T�’�w�<�A

�\�w�ò�p�x�Ì���w�—�•�|�Õ�^�w	V�ˆ�|���S�w�ù
R���›	Â�Ì�`�‡�b�}

�Š���t�S�M�o�|�®�K�”�% S �T�’�_�”�q�| S �t�0�`�o�ˆ�M�o�M�”�% S′ �w�Ì�-�w
��ˆ�M�x�—

�X�s�“�|�f�w�—�•�é�ù�U γ �p�K�”�¯�q�M�O
†�Ì�›�`�‡�`�h�}�\�•�›
:�¶�$�t���Ü�=�`�o�|

	Â�Ì�`�‡�`�•�O�}

���g A.2�¢�Ì���w�—�•�£

S �q S′ �›���g A.1 �p���[�`�h�2
ª�%�q�b�”�} S �%�p�Ì���U t0 �T�’ t1 �‡�p�&�a�`

�h�q�V�t�| S′ �%�wx′ = x′
0 �t�S�M�o�Ì���U t′0 �T�’ t′1 �‡�p�&�a�`�h�q�b�”�q�|

t1 − t0 = γ(t′1 − t′0)

�U
R�“�q�m�}

	Â�Ì �y (A.14) �w�H 2 �Ü�t�S�M�o�| x′�t x′
0 �›�E�Ö�`�| t �t t0 �q t1 �›�f�•�g�•�E�Ö�b�•�y

t0 = γ
v

c2
x′
0 + γt′0, t1 = γ

v

c2
x′
0 + γt′1

�U
R�“�q�j�|	Í�Ü�w�%�‘�w�)�›�q�•�y�|

t1 − t0 = γ(t′1 − t′0)

�q�s�“�|�l�ˆ�w�Ü�U	H�M�‡�b�} �

�\�\�p�|�®�K�”�% S �T�’�| S �t�0�`�o�ˆ�M�o�M�”�% S′ �w�Ì�-�›�_�”� �̄q�M�O�\�q�U�|���g

�¤�w�® x′ �› x′
0 �t�{���`�o�| (x, t) �›�×���t�ˆ�T�b�¯�q�M�O�\�q�t�0� �`�o�M�‡�b�}

�Š���t�S�M�o�®�K�”�% S �T�’�_�”�q�| S �t�0�`�o�ˆ�M�o�M�”�% S′ �t�S�Z�”�Õ�^�U 1/γ


��t	V�‰�¯�q�M�O�\�q�›
†�Ì�`�‡�`�h�U�|�\�w�\�q�‹ (A.14) �w�H 1 �Ü�›�b�;�b�•�y�‰�7

�t�`�o	Â�Ì�p�V�‡�b�}

���g A.3�¢�Õ�^�w	V�ˆ�£

S �q S′ �›���g A.1 �p���[�`�h�2
ª�%�q�b�”�} S �%�p x �U x0 �T�’ x1 �‡�p�!�=�`�h

�q�V�t�| S′ �%�w t′ = t′0 �t�S�M�o x′ �U x′
0 �T�’ x′

1 �‡�p�!�=�`�h�q�b�”�q�|

x1 − x0 = γ(x′
1 − x′

0)

�U
R�“�q�m�}
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�\�w
Ç�å�w�7�™�t�|�é�”�è�ï�À�!�õ�›�;�M�o���S�w�ù
R���›	Â�Ì�`�‡�b�}���S�w�ù
R��

�q�x�|�®���S v �p�ˆ�X�?	��º�p�Ø�”�ç�›���S w �p�d�[�”�q�|�•	Í�w
��T�’�f�w�Ø�”�ç�w��

�^�x�M�X�m�t�_�Q�”�T�•�¯�q�M�O�\�q�p�b�}�è	×�w�—�¶�p�K�•�y�t�Q�x v + w �s�w�p�b

�U�|�›	�
ì�0
Q�g�æ�p�x�«���S
Æ�!�w�j�g�U�K�”�h�Š�|�Ž�<�w���g�p	\�‚�’�•�o�M�”�‘�O

�s	.
Y�U
ž�A�t�s�“�‡�b�}

���g A.4�¢���S�w�ù
R���£

S �q S′ �›���g A.1 �p���[�`�h�2
ª�%�q�`�|�2
ª�% S′′ �w�j�: O′′ �x S′ �w�j�: O′

�t�0�`�o
ì�0���S w �p�á�ˆ�`�o�M�”�q�b�”�}�\�w�q�V�| O′′ �w O �t�0�b�”
ì�0��

�S�x�|
v + w

1 +
vw

c2

(A.15)

�p�K�”�}

	Â�Ì �y�‡�c�| S′′ �%�w�j�: O′′ �› S′ �%�T�’�_�”�q�|

x′ = wt′

�q
¯�b�\�q�U�p�V�‡�b�}�\�•�› S �%�T�’ S′ �%�•�w�é�”�è�ï�À�!�õ�w�Ü (A.1) �t�E�Ö�b

�•�y�| 
wt′ = γx− γvt

t′ = −γ v

c2
x+ γt

�U
R�“�q�j�‡�b�}�H 2 �Ü�è�t w �›	Ð�a�o�H 1 �Ü�è�q�ù�˜�d�•�y�|

γx− γvt = −γ vw
c2

x+ γwt

�q�s�“�|�†�%�› γ �p�Â�l�o x �t�m�M�o�r�X�q�|

x =
v + w

1 +
vw

c2

t

�U�˜�’�•�”�w�p�|�\�w�\�q�T�’�A�æ�U	H�M�‡�b�} �

(A.15) �t�S�M�o w = c �q�b�•�y�|

v + c

1 + v/c
= c

�q�s�“�‡�b�}�b�s�˜�j�|�•	Í�T�’�ˆ�”�q�|�?	��w���S v �U�M�X�m�p�K�–�O�q�?	��º�p
C�`

�h�«�w���S c �x c �w�‡�‡�¢�«���S�x
Æ�!�‚�£�s�w�p�b�}
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Ç�å B E = mc2 �t�m�M�o�w�4�


2.7 
…�t�S�M�o�|�í�”�w�¤�É�ç�ª�”�w�s�A
Q�›
¯�b�Ü

E = mc2 (B.1)

�›	º�p�`�‡�`�h�}�\�w
Ç�å�p�x�| (B.1) �t�m�M�o�‹�O	—�`
��M
†�Ì�›�`�h�M�q�¥�M�‡�b�}

B.1 
:�¶�T�’�w	j
‹

E = mc2 �w�é�t�Ö�”
²�t�|
:�¶�T�’�w�“�é�›	j
‹�`�o�S�V�‡�b�}�h�i�`�|
: III �w
•
u


ü�w�Œ�Ý�x�>���`�‡�b�¢
: III �x�°	6�i�Z�•�r�‹�“�A�U�Œ�“�h�M�q�M�O
��x�| (B.5) �p��

�[�^�•�”��
:�U (B.6) �p�Ù�Å�^�•�”�q�M�O�\�q�i�Z�„�t�Ö�•�o�| B.2 
…�t
��œ�p�ˆ�o�X�i

�^�M�£�}

���g B�¢���v�Ú�«�é�”�æ�ï�2�‰�£

0 �›���‰�‰�à�� I �t�S�M�o�| f �› n �s
•
ü�D�ó�s��
:�q�b�”�}�\�w�q�V�|

f(x) = f(0) + f ′(0)x+
f ′′(0)

2
x2 + · · ·+ f (n−1)(0)

(n− 1)!
xn−1 +Rn(x) (B.2)

�U
R�“�q�m�}�h�i�`�| Rn(x) �x�K�” c ∈ (0, x) �›�;�M�o�|

Rn(x) =
f (n)(c)

n!
xn (B.3)

�q
¯�^�•�”��
:�p�K�”�}�‡�h�| f (n) �x f �w n �Š�‹��
:�›
¯�b�‹�w�q�b�”�}

�°�_�G�ø�w�Z
ã�p�‘�X�˜�T�’�s�M�T�‹�`�•�‡�d�œ�U�|�«�Q�y�| n = 1 �w	Ô�ù�›�ß�Q�o�ˆ�‡

�`�•�O�} f �U I �t�S�M�o 1 �s
•
ü�D�ó�s��
:�q�b�”�q�| f �x�K�” c ∈ (0, x) �›�;�M�o�|

f(x) = f(0) + f ′(c)x

�q	{�X�\�q�U�p�V�‡�b�}�\�w���|�r�\�T�p�_�h�\�q�K�“�‡�d�œ�T�•�\�•�x���É�‹�w���g�q

�°	y�p�b�v�}�î�M�|���v�Ú�«�é�”�æ�ï�2�‰�x���É�‹�w���g�w�¦�Á�q�M�l�o�‹�‘�X�|�f�w	Â

�Ì�t�x���É�‹�w���g�›	Â�Ì�b�”�M�t�;�M�h�é�ç�w���g�›�;�M�‡�b�}�\�\�p�|���g�t�S�Z�”

Rn(x) �x �¡�)�ò �s�r�q�‘�y�•�‡�b�}�q�M�O�w�‹ (B.2) �x�|

Rn(x) = f(x)−
{
f(0) + f ′(0)x+

f ′′(0)

2
x2 + · · ·+ f (n−1)(0)

(n− 1)!
xn−1

}
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�q�!���p�V�|�¤�Å�€�º�x���ò�Ü�s�w�p�| Rn(x) �x f(x) �›���ò�Ü�p
¯�`�h�q�V�w�®�¡�)�¯

�›
¯�`�o�M�”�T�’�p�b�¢ Rn(x) �x (B.3) �›�_�”�q���ò�Ü�t�_�Q�‡�b�U�|�î�M�x�§�M�‡�b�}

�s�e�s�’�| (B.3) �t�S�Z�” c �x x �t�‘���`�o�>�‡�”�h�Š�| f (n)(c) �x x �w��
:�t�s�“�|�f

�•�x�°
`�t���ò�Ü�q�x�v�’�s�M�T�’�p�b�£�}

�¢���v�£�Ú�«�é�”�æ�ï�2�‰�x
‡	×�s�(�b�s�“�é�p�|
:�¶�p�x�‹�j�–�œ�|
ú�g�¶�|�»�¶�|

�&�A�¶�s�r�K�’�•�”
ü�ú�p�;�M�’�•�o�M�‡�b�}�f�w�g���›���o�t
†�Ì�`�‡�`�•�O�}�‡�c�|

(B.2) �t�S�M�o n �›�r�œ�r�œ�G�V�X�b�”�q�| f �U�ô�Í�p�J	Ô�b�”�‘�O�s�®�K�“�~�•�h�¯
•


ü�D�ó�s��
:�s�’�y�|�¡�)�ò Rn �‹�r�œ�r�œ	–�^�X�s�”�\�q�U	Â�Ì�p�V�‡�b�¢ (B.2) �t�S

�M�o n→∞ �q�`�h�‹�w�›�|�Ú�«�é�”�æ�ï�2�‰�q�M�M�‡�b�£�}

�\�w�\�q�T�’�|

(B.2) �x�| f �U�Ú�™�w
^�S�p���ò�Ü�t�‘�l�o�Ù�Å�p�V�”�\�q�›�Ô�`�o�M�”

�\�q�U�˜�T�“�‡�b�}���ò�Ü�q�M�O�w�x�7�‹���o�s��
:�p�‹�K�”�w�p�|�¢�ô�Í�p�J	Ô�b�”�‘

�O�s�£�„�q�œ�r�b�‚�o�w
•
ü�D�ó�s��
: f �U���ò�Ü�p�Ù�Å�p�V�”�q�M�O�w�x�G�!�K�“�U�h

�M�\�q�p�b�v�}

�‡�h�| (B.2) �w�È�%�w���ò�Ü�w��
:�x f �w x = 0 �t�S�Z�”
•
ü�‹�p�b�}�\�w�‹�x�|
•
ü

�w���[�T�’ f �w�®x = 0 �w	*�“�w	Ø�C�¯�w�ˆ�p�>���^�•�‡�b�}�°�M�| I �›	G
ü�¿�X�q�l�o

�S�Z�y�| (B.2) �w�(�%�x	G
ü���X�w x �t�m�M�o���®�s�Ü�t�s�“�‡�b�}�\�•�’�w�\�q�T�’�|

(B.2) �x�| f �w�®x = 0 �w	*�“�w	Ø�C�¯�U�˜�T�•�y

f �w���X�w	Ø�C�‡�p�˜�’�•�”�\�q�›�Ô�`�o�M�”

�\�q�U�˜�T�“�‡�b�} *19�¢���v�£�Ú�«�é�”�æ�ï�2�‰�w�(�b�^�U	—�`�x�g�r�p�V�h�p�`�•�O

�T�•�j�s�ˆ�t�|���g�t�S�Z�” 0 �› a ∈ I �p�S�V�T�Q�h�‹�w�›�| ���v�Â� �å�”�2�‰ �q�M�M

�‡�b�}

�^�o�|�é�U�³�•�‡�`�h�U�î�M�t�;�M�”�w�x n = 2 �w�q�V�p�K�”�w�p�|�f�w	Ô�ù�w�Ü�›�Ž

�<�t	{�M�o�S�V�‡�`�•�O�}

f(x) = f(0) + f ′(0)x+
f ′′(c)

2
x2

*19 
•
ü�x�‹�q�‹�q 1 �:�w	*�“�p���[�^�•�”�Á	t�$�“�æ�p�K�”�w�t�|�f�w�‘�O�s�G�¬�$�s	Ø�C�‡�p�U�˜�T�”�w

�x�s�e�p�`�•�O�T�•�Ú�«�é�”�æ�ï�2�‰�w	Â�Ì�t�x�é�ç�w���g�›�;�M�”�q	{�V�‡�`�h�U�|�é�ç�w���g�w	Â�Ì

�t�x�7�G�‹�w���g�U�–�˜�•�o�M�‡�b�}�î�x�|�7�G�‹�w���g�U�Á	t
Q�›�G�¬
Q�t�8�s�b�”�þ�Â�›�L�h�`�o�M

�”�w�p�b�¢�^�’�t�M�Q�y�|�f�\�t�x�¯�ï�Í�«�Ä�q�M�O�“�æ�U
œ�œ�p�M�‡�b�£�}�î�M�|�Á	t�$�“�æ�p�K�”
•


ü�q�G�¬�$�s�“�æ�p�K�”
u
ü�›�(�[�”
•
u
ü�¶�w�,�Š���g�w	Â�Ì�t�‹�|�7�G�‹�w���g�U�–�˜�•�o�M�‡�b�}
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	Í�Ü�t�S�M�o�| |x| �U	G
ü	–�^�M	Ô�ù�›�ß�Q�o�ˆ�‡�b�}�b�”�q�| x2 �w�‹�x x �t
z�‚�o
‡	×

�t	–�^�X�s�”�w�p�| 0 �›���‰	G
ü	–�^�M�à���º�w x �t�0�`�o�|

f(x) ≈ f(0) + f ′(0)x (B.4)

�q	{�X�\�q�U�p�V�‡�b�¢�¬�Ý�p�b�U�|�® ≈�¯�x�®�„�q�œ�r�°	y�¯�q�M�O�™�¯�w�G�ø�p�b�£�}

�m�‡�“�| f �x 1 �Í��
:�p	{�Z�”�w�p�b�}�M�V�s�“�\�œ�s�\�q�t�˜�•�”�q�»�X�T�‹�`�•�‡�d

�œ�U�|�¬
i�t�ß�Q�•�y�p�h�“
²�w�\�q�›�t�l�o�M�”�t�a�W�‡�d�œ�}�q�M�O�w�‹�|�K�”�¢ 1

�s
•
ü�D�ó�w�£��
:�t�‘�l�o
¯�^�•�”�¬�å�Ñ�›�j�:�w	*�“�p�r�œ�r�œ�¦�G�`�o�M�l�h�’�|

�f�w�¬�å�Ñ�x�Ú
¢�t�_�Q�o�V�‡�b�v�¢�®�r�œ�r�œ�¦�G�b�”�¯�q�M�O�\�q�U�|	G
ü	–�^�M x

�›�ß�Q�”�q�M�O�\�q�t�0� �`�o�M�‡�b�£�}�«�Q�y�|

f(x) =
1√
1− x

(B.5)

�q�M�O��
:�›�ß�Q�o�ˆ�‡�`�•�O�}�b�”�q�|

f ′(x) =
1

2
(1− x)−3/2 ∴ f ′(x) =

1

2

�‘�l�o�| (B.4) �T�’�| |x| �U	G
ü	–�^�M�q�V�|

f(x) ≈ 1 +
1

2
x (B.6)

�U
R�“�q�j�‡�b�}�b�s�˜�j�| (B.5) �p���[�^�•�”��
: f �x 1 �Í��
:�p�Ù�Å�p�V�”�q�M�O�\

�q�p�b�}

B.2 E = mc2 �w	Z�×

(B.1) �›�_�o�‡�c	s�Š�t�Y�ð�t�¥�O�\�q�x�| (B.1) �U�r�w�‘�O�t�‹	Z�^�•�h�T�q�M�O�\

�q�i�q�¥�M�‡�b�}�A�æ�T�’�t�l�o�`�‡�O�q�| (B.1) �x�›	�
ì�0�æ�t�S�Z�”�á�ˆ�¤�É�ç�ª�”

�w���[�w�‘�O�s�‹�w�p�b�¢�›	�
ì�0�æ�t�S�Z�”�á�ˆ�M���Ü�›���[�`�o�¤�É�ç�ª�”�›�®�‹

	Z�¯�b�”�\�q�‹�p�V�‡�b�U�|
:�¶�$�t�x�r�w���[�T�’�µ�»�”�Ä�b�”�T�i�Z�w�§�M�p�b�£�}

�`�T�`�f�•�p	4�˜�’�d�o�`�‡�O�q�K�‡�“�t�Ø
(�X�s�M�w�p�|�f�w���[�w
�� �›
†�Ì�`�‡

�`�•�O�}�Ž�ñ�|�2
ª�% S �q S′ �t�m�M�o�| S′ �w�j�: O′ �x S �w�j�: O �t�0�`�o
ì�0���S v

�p�á�ˆ�`�o�M�”�q�`�‡�b�¢
Ç�å A �p	Z�o�V�h�‹�w�q�‰�a�p�b�£�}

�¤�É�ç�ª�”�t�m�M�o	\�‚�”�h�Š�t�x�|�‡�c�í�”�t�m�M�o
†�Ì�`�s�Z�•�y�M�Z�‡�d�œ�} 2.7


…�p
†�Ì�`�h�‘�O�t�|�í�”�x���S�t�‘�l�o�!�=�`�‡�b�}�\�\�p�|���S�x�r�w�2
ª�%�¢�
��

	��£�T�’�ˆ�”�T�t�‘�l�o�!�=�b�”�w�p�|

51



�2
ª�%�¢�
��	��£�t�‘�l�o�í�”�x�Ÿ�s�”

�q�M�O�:�t�«�™�`�o�|�Ž�<�w���[�›�_�o�X�i�^�M�}

���[ B.1�¢
ì�0�æ�$�í�”�£� �
S �%�T�’�ˆ�h S′ �%�t�S�Z�”�í�” m(v) �›�|�K�”
Y��
: m0 �q�é�”�è�ï�À�¼�  γ �›�;

�M�o�|
m(v) = γm0 (B.7)

�p���[�b�”�}�\�•�› 
ì�0�æ�$�í�” �q�M�O�}� �
(B.7) �t�S�M�o�| v = 0 �q�b�”�q�| γ = 1 �‘�“�|

m(0) = m0

�U�˜�T�“�‡�b�}�\�w�\�q�T�’�| m0 �x 
i�­�í�” �q�‘�y�•�‡�b�}�\�w���[�‹�\�¥�t�¥�˜�•�”

�T�‹�`�•�‡�d�œ�U�|�\�•�›�V�j�œ�q
†�Ì�b�”�q�|�•�•�ô�S�s�“�æ�›
ž�A�q�b�” *20�T�|�T�s

�“�w�´
ï�›�–�O�w�p�|�\�\�p�x	²�t�^�d�o�X�i�^�M�¢�™	��w
†�Ì�p�‘�M�w�s�’�|�€�ß���Y

�w [3] �›�¡�œ�p�ˆ�‡�`�•�O�£�}

�^�o�|
ì�0�æ�$�í�”�›�;�M�o�|�›	�
ì�0
Q�æ�t�S�Z�”�á�ˆ�¤�É�ç�ª�”�›���[�`�‡�b�}

���[ B.2�¢
ì�0�æ�$�á�ˆ�¤�É�ç�ª�”�£� �
S �%�T�’�ˆ�h S′ �%�t�S�Z�”�¤�É�ç�ª�” E(v) �›�|

E(v) = m(v)c2 (B.8)

�p���[�b�”�}�\�•�›�| 
ì�0�æ�$�á�ˆ�¤�É�ç�ª�” �q�M�O�}� �
�\�w���[�t�S�M�o�|�›�t E(0) �› E�|
i�­�í�” m(0) �› m �q	{�Z�y�| (B.8) �x�|

E = mc2

�q	{�X�\�q�U�p�V�|�\�•�› 
i�­�¤�É�ç�ª�” �q�M�M�‡�b�}�m�‡�“�| E = mc2 �w
Y�.�x�|
ì

�0�æ�$�á�ˆ�¤�É�ç�ª�”�T�’�‹�T�•�”
i�­�¤�É�ç�ª�”�i�l�h�w�p�b�}���‡�p�w�—�¶�t�S�M�o

*20 �é�”�è�ï�À�ž�!
Q�q�M�O	Ú�E�›�¬�h�b�‘�O�t�á�ˆ�”�›���[�b�”�h�Š�t�|�í�”�x (B.7) �w�‘�O�t���[�^�•�‡

�b�}
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�á�ˆ�¤�É�ç�ª�”�x�í�”�q���S�w 2 	Ð�w
u�p�K�l�h�w�p�|�®�s�œ�q�s�X�¯�x�\�w���[�p�M�M

�‘�O�s�>�U�`�‡�b�U�f�•�i�Z�p�x�ò�˜�p�V�s�M
��‹�M�”�q�¥�O�w�p�| B.1 
…�p
†�Ì�`�h�Ú

�«�é�”�æ�ï�2�‰�›�;�M�o�‹�O	—�`�g�r�›
��Š�‡�`�•�O�}

�‡�c�| (B.8) �t (B.7) �›�E�Ö�b�”�q�| γ �w���[�T�’�|

E(v) =
m0c

2√
1− v2

c2

�q�s�“�‡�b�}�\�•�x�| B.1 
…�w(B.5) �p���[�^�•�h��
: f �›�;�M�”�\�q�p�|

E(v) = m0c
2f(

v2

c2
)

�q�!���p�V�‡�b�}�\�\�p�| v �U c �‘�“�‹	G
ü	–�^�M�q�>���b�”�q�| B.1 
…�w(B.6) �‘�“�|

E(v) ≈ m0c
2(1 +

1

2

v2

c2
) = m0c

2 +
1

2
m0v

2

�b�s�˜�j�|�
��	��w���S�U�«���t
z�‚�o	G
ü	–�^�M�q�V�|

E(v) ≈ m0c
2 +

1

2
m0v

2 (B.9)

�U
R�“�q�j�‡�b�}

(B.9) �w�È�%�H 2 �ò�x�è	×�w�—�¶�w�á�ˆ�¤�É�ç�ª�”�q�°�•�b�”

�q�M�O�\�q�t�«�™�b�•�y�|�¤�É�ç�ª�”�› (B.8) �w�‘�O�t���[�`�h�%�p
Q�U�˜�T�”�q�¥�M

�‡�b�}�\�\�p�|�è	×�w�—�¶�p�x�
��	��w�µ�Ð�”�Å�x�«���‘�“	G
ü	–�^�M�q�ß�Q�’�•�”�w

�p�| (B.6) �›�&�;�b�”�M�w�>���x�¬�h�^�•�o�M�”�q�M�O�\�q�t�«�™�`�o�X�i�^�M�}�‡�q�Š

�•�y�|

�è	×�w�—�¶�t�S�Z�”�¤�É�ç�ª�”�“�æ�w�×
µ�s�¦�Á�t�s�”�‘�O�t


ì�0�æ�$�¤�É�ç�ª�”�›���[�`�h

�q�M�O�\�q�p�b�}
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Ç�å C �s�8�w
¯�q�Ü�w	Â�Ì

�\�w
Ç�å�p�x�|�s�8�w
¯�q�Ü�|�b�s�˜�j�Í�w���g�›	Â�Ì�`�‡�b�}

���g C�¢�s�8�£
−→a = (x, y) �›�¯ θ �s�8�^�d�h�Õ�«�Ä�ç�›

−→
a′ = (x′, y′) �q�`�h�q�V�|�Í�w�����U
R

�“�q�m�} {
x′ = cos θ · x− sin θ · y
y′ = sin θ · x+ cos θ · y

(C.1)

	Â�Ì�t�Ö�”
²�t�|�‡�c �Õ�«�Ä�ç�w�è �q �Õ�«�Ä�ç�w�î
:
� �t�m�M�o
†�Ì�`�o�S�V�‡�b�} 2

�m�w�Õ�«�Ä�ç −→a �q
−→
b �t�m�M�o�| −→a �w�•�:�› O�|	4�:�› A �q�`�‡�b�}�‡�h�|

−→
b �›�•�:

O �t	O�s�”�‘�O�t���æ� �ˆ�`�|�f�w�q�V�w	4�:�› B �q�`�‡�b�}�\�w�q�V�|���æ�›�%��

OACB �t�m�M�o�|�Õ�«�Ä�ç
−−→
OC �› −→a +

−→
b �q���[�`�‡�b�¢
$ C.1�£�}�Ü�p	{�Z�y�|

−→
OC = −→a +

−→
b

�q�M�O�\�q�p�b�}


$ C.1

�‡�h�Õ�«�Ä�ç�w�î
:
��p�b�U�|�\�•�x���o�p�b�}�Õ�«�Ä�ç −→a �q�î
: k �t�0�`�o�| −→a �› k


��t	ó�y�`�h�Õ�«�Ä�ç�› k−→a �q���[�`�‡�b�}�h�i�`�| k �w
Ö�ø�t�‘�l�o�|�²�V�U�!�˜�”�\

�q�t�«�™�`�o�X�i�^�M�¢ k = 0 �w�q�V�x�¸�é�Õ�«�Ä�ç�q�M�l�o�|�G�V�^ 0 �p�²�V�x�ß�Q�s

�M�\�q�t�`�‡�b�£�}

�Í�t�|�Õ�«�Ä�ç −→a �›�¯ θ �s�8�^�d�h�Õ�«�Ä�ç�›�| Rθ(
−→a ) �p
¯�b�\�q�t�`�‡�b�¢ R �x

Rotation �w�„���È�p�b�£�}�s�8�›�®�Õ�«�Ä�ç�›�Õ�«�Ä�ç�t� �b�^�;�¢�ø
þ�£�¯�q�
�Q�”�q�|
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�f�w�‘�O�s
¯�`�M�U�×
µ�t�¥�Q�”�w�p�x�s�M�p�`�•�O�T�}�^�o�| Rθ �x�Í�w�‘�O�s
Q�í

�¢
¢��
Q�£�›�Ë�j�‡�b�}

�4�J C�¢�s�8�w
¢��
Q�£

�s�8 Rθ �x�Í�w 2 �m�w
Q�í�›�Ë�m�}

(1) 2 �m�w�Õ�«�Ä�ç�w�è�›�s�8�`�o�p�V�h�Õ�«�Ä�ç�q�|�f�•�g�•�w�Õ�«�Ä�ç�›�s

�8�^�d�o�p�V�h�Õ�«�Ä�ç�w�è�x�s�`�M�¢
$ C.2�£�}�b�s�˜�j�|

Rθ(
−→a +

−→
b ) = Rθ(

−→a ) +Rθ(
−→
b ) (C.2)

(2) �î
:
��`�h�Õ�«�Ä�ç�›�s�8�^�d�o�p�V�h�Õ�«�Ä�ç�q�|�s�8�^�d�o�p�V�h�Õ�«

�Ä�ç�w�î
:
��x�s�`�M�¢
$ C.3�£�}�b�s�˜�j�|

Rθ(k
−→a ) = kRθ(

−→a ) (C.3)


$ C.2


$ C.3

�t	Â �y (2) �x�Ì�’�T�s�w�p (1) �w�ˆ�Ô�`�‡�b�U�|�f�w�h�Š�t�x −→a +
−→
b �q Rθ(

−→a +
−→
b ) �w

�s�b�¯�U θ �p�K�”�\�q�›�M�Q�y	G
ü�p�b�}�s�8�x�¯�S�›�-�m�w�p�| −→a �q −→a +
−→
b �w�s�b

�¯�› ϕ �q�b�•�y�| Rθ(
−→a ) �q Rθ(

−→a +
−→
b ) �w�s�b�¯�‹ ϕ �q�s�“�‡�b�}�‘�l�o�| −→a +

−→
b �q

Rθ(
−→a +

−→
b ) �w�s�b�¯�x�|

(θ − ϕ) + ϕ = θ �

1 �m�4�
�`�o�S�X�q�|
¢��
Q�q�M�O�“�æ�x�s�8�t�{���s
Q�í�s�˜�Z�p�x�s�X�|
:�¶�w�¸�”

�q�\�–�p�S�è�t�T�T�”
Q�í�p�b�|�«�Q�y�|
•
ü�›�®��
:�›��
:�t� �b�^�;�¢�ø
þ�£�¯�q�
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�Q�h�q�V�|
•
ü�‹
¢��
Q�›�Ë�l�o�M�‡�b�}
•
ü�U
¢��
Q�›�Ë�l�o�M�”�\�q�p	í�‘�s��
:�›

�M�T�t���o�t
•
ü�p�V�”�T�q�M�O�\�q�›�|
•
ü�O�›	6�l�h
��s�’�˜�T�“�‡�b�v�}

�^�o�|�4�J C �›�;�M�o�|���g C �›	Â�Ì�`�‡�`�•�O�}�‡�c�|

(x, y) = (x, 0) + (0, y) = x(1, 0) + y(0, 1)

�s�w�p�|
−→e1 = (1, 0), −→e2 = (0, 1) (C.4)

�q�S�Z�y�|�Ú�™�w�Õ�«�Ä�ç −→a = (x, y) �x�|

−→a = x−→e1 + y−→e2 (C.5)

�q	{�X�\�q�U�p�V�|�\�w
¯�`�M�x�h�i 1 �m�t�>�‡�“�‡�b�¢�\�w�‘�O�s�q�V�| (C.4) �p���[

�^�•�” −→e1 ,−→e2 �› �,�� �q�M�M�‡�b�£�}�Í�t�|�\�w�†�%�t Rθ �›�®�^�;� �̄^�d�o�| (C.5) �q���g

C �›	q�Í�;�M�•�y�|

Rθ(
−→a )

(C.5)
= Rθ(x

−→e1 + y−→e2)
(C.2)
= Rθ(x

−→e1) +Rθ(y
−→e2)

(C.3)
= xRθ(

−→e1) + yRθ(
−→e2)

�|�b�s�˜�j�|
Rθ(
−→a ) = xRθ(

−→e1) + yRθ(
−→e2) (C.6)

�U
R�“�q�j�‡�b�¢�s�ø�w	Í�w�Ü
j�ø�x�|�!���w�M�t�;�M�h�Ü
j�ø�›�™�¯�`�o�M�‡�b�£�}�`

�h�U�l�o�| Rθ(
−→e1) �q Rθ(

−→e2) �U�{�‡�•�y�| Rθ(
−→a )�¢�b�s�˜�j�|�s�8�`�h�Õ�«�Ä�ç�w�2
ª


¯�Ô�£�U�{�‡�”�\�q�t�s�“�‡�b�} *21�‡�c�|�Š���w����
:�w���[ (4.1) �t�‘�l�o�|

Rθ(
−→e1) = (cos θ, sin θ) (C.7)

�U�{�‡�“�‡�b�}�Í�t�| Rθ(
−→e1) �w	4�:�› A�|�: A �T�’ x �à�t�<�–�`�h
(
¢�w�
�› P �|Rθ(

−→e2)
�w	4�:�› B�|�: B �T�’ y �à�t�<�–�`�h
(
¢�w�
�› Q �q�b�•�y�¢
$ C.4�£�|

△OAP ≡ △OBQ (C.8)

�q�s�“�‡�b�¢ 2 �m�w�Ú�¯�~�¯���t�S�M�o�|�f�•�g�•�w�ü�%�q���w�°�¯�U�s�`�M�T�’�p�b�£�}

*21 �\�w�‘�O�s�»
É�x
‡	×�t�Ä�æ�¿�©�”�t�¥�Q�”�T�‹�`�•�‡�d�œ�U�|�î�x�Š�í�$�s�!���p�b�}�î�M�|
¢���ø
þ

�¢
¢��
Q�›�Ë�m�ø
þ�£�x�,���w
þ�^�Q�˜�T�•�y�°�™�t�>�‡�l�o�`�‡�O�q�M�O�¶�`�M
Q�í�›�Ë�l�o�M�‡�b�}
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$ C.4

�‘�l�o�|
OP = OQ, PA = QB

�q�s�”�w�p�| (C.7) �‘�“�|
OQ = cos θ, QB = sin θ

�U
R�“�q�j�‡�b�}�`�h�U�l�o�|
Ö�ø�‹�ß�€�b�•�y�|�: B �w�2
ª�x (− sin θ, cos θ) �q�s�”

�\�q�T�’�|
Rθ(
−→e2) = (− sin θ, cos θ) (C.9)

�U�˜�T�“�‡�b�}�Ž	Í�‘�“�| (C.6) �t (C.7) �q (C.9) �›�E�Ö�b�”�\�q�t�‘�l�o�|

Rθ(
−→a ) = x(cos θ, sin θ) + y(− sin θ, cos θ) = (cos θ · x− sin θ · y, sin θ · x+ cos θ · y)

�U�˜�’�•�‡�b�} Rθ(
−→a ) =

−→
a′ = (x′, y′) �p�K�l�h�\�q�›�¥�M	Z�d�y�|�A�Á�|{

x′ = cos θ · x− sin θ · y
y′ = sin θ · x+ cos θ · y

�U
R�“�q�j�|���g C.1 �U	Â�Ì�^�•�‡�`�h�}
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Ç�å D �º
u�q�2�?�Ï��

�\�w
Ç�å�p�x�|�Õ�«�Ä�ç�t�0�`�o���[�^�•�”�º
u�q�|�º
u�U
\�ˆ	Z�b�2�?�Ï���t�m�M�o

�r
†�`�‡�b�}�°�t�p	{�Z�y�|

�º
u�q�x�Õ�^�•�¯�q�M�l�h�2�?�¶�“�æ�w�<�;�q�s�”�“�æ

�p�b�}�b�s�˜�j�|�º
u�t�m�M�o�ß�o�b�”�\�q�t�‘�“�|�²�h�j�x�®�2�?�¶�¯�›�‘�“�ô�M�q	Ô

�T�’�ß�Q�’�•�”�‘�O�t�s�”�w�p�b�}�‡�c�ó�•
��`�œ�p�M�”�â�”�«�æ�¿�Å�í���t�S�M�o�º
u

�›
†�Ì�`�h�™�t�|�Û�ï�¯�Ñ�µ�©�”�í���|�^�’�t�x�°
`�w�º
u�í���•�q�é�›
��Š�o�M�V�h�M

�q�¥�M�‡�b�}

D.1 �â�”�«�æ�¿�Å�í���w�2�?�Ï��

�\�w�ò�p�x�|�â�”�«�æ�¿�Å�í���t�S�Z�”�º
u�›���[�`�o�|�º
u�T�’�Õ�^�•�¯�U���[�^�•

�”�q�M�O�v�•�›�_�o�M�V�‡�b�}

	—�‘�1�<�“�$�p�b�U�|�‡�c�â�”�«�æ�¿�Å�º
u�›���[�`�o�`�‡�M�‡�`�•�O�}

���[ D.1�¢�â�”�«�æ�¿�Å�º
u�£� �
2 �Í�i�Õ�«�Ä�ç −→a = (x1, y1),

−→
b = (x2, y2) �t�0�`�o�|

−→a ·
−→
b = x1x2 + y1y2 (D.1)

�p���[�^�•�” −→a ·
−→
b �›�| �â�”�«�æ�¿�Å�º
u �q�M�O�}� �

�®���Í�i�Õ�«�Ä�ç�¯�q	{�V�‡�`�h�U�| n �Í�i�Õ�«�Ä�ç�t�s�l�h�q�`�o�‹�‰�7�t�º
u�x���[

�^�•�‡�b�}�h�i�`�|�M�h�c�’�t
e�v�^�›
ÿ�•�b�w�x
†�Z�h�M�w�p�|�Ž�™ 2 �Í�i�Õ�«�Ä�ç�›

�{�O�\�q�t�`�‡�b�}�‡�h 1 �m�«�™�q�`�o�|�ô�Í�w�­�J	{�t�S�M�o�º
u�x

−→a ·
−→
b = |−→a ||

−→
b | cos θ �¢�h�i�`�| θ �x −→a �q

−→
b �w�s�b�¯�£ (D.2)

�p���[�^�•�o�M�”	Ô�ù�U���X�|�î�M�f�w���[�w�M�U�º
u�w�™�¯�›�ë�ˆ�•�b�M�p�b�¢�h�q�Q

�y�|�‚	Ó�¶���×�”�Ü�Ö�”�´�w�®�‚	Ó
\�t�	�V�‡�`�h�y�™
:�¶�|�\�\�U�˜�T�’�s�M�™ (4)�¯

�›�_�o�ˆ�o�X�i�^�M�£�} �h�i�`�|�™	��w���[�w	Ô�ù�|�¯ θ �q�x�?�T�q�M�O�\�q�›�˜�T�l�o

�M�”�\�q�U
²���t�s�l�o�M�‡�b�}�â�”�«�æ�¿�Å�í���p�^�æ�b�”�w�p�K�•�y�¯�S�x�„�…�×�Ì
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�t�˜�T�l�o�M�”�‹�w�s�w�p�f�w���[�p�‘�M�w�p�b�U�|�²�h�j�w�è
ª�x�Û�ï�¯�Ñ�µ�©�”�í��

�w�Ï���›�Œ�”�\�q�p�K�“�|�Û�ï�¯�Ñ�µ�©�”�í���t�S�Z�”�¯�S�U�r�œ�s�‹�w�p�K�”�T�q�M�O

�\�q�x�q�Ì�:�p�x
Ý
þ�‹�m�V�‡�d�œ�}�‘�l�o�|�\�w
Œ�Û�ï�¯�Ñ�µ�©�”�í���›�ß�Q�”
É�•�q

�`�o�â�”�«�æ�¿�Å�í���›�ß�Q�o�M�”�\�q�›�ß�€�b�”�q�|�¯�S�›�;�M�o�º
u�›���[�b�”�\�q

�x
†�Z�h�M�w�p�b�}

�é�U�³�•�‡�`�h�U�|�â�”�«�æ�¿�Å�º
u�x�Í�w
Q�í�›�Ë�j�‡�b�}

���g D.1�¢�â�”�«�æ�¿�Å�º
u�w
Q�í�£

�Õ�«�Ä�ç −→a �|
−→
b �| −→c �q�|�î
: α �t�m�M�o�|�Ž�<�w�\�q�U
R�“�q�m�}

−→a ·
−→
b =

−→
b · −→a (D.3)

(α−→a ) ·
−→
b = α(−→a ·

−→
b ) (D.4)

(−→a +
−→
b ) · −→c = −→a · −→c +

−→
b · −→c (D.5)

−→a · −→a = 0 (D.6)

−→a · −→a = 0⇔ −→a =
−→
0 (D.7)

�h�i�`�|�Ë�J P �| Q �t�0�`�o�|�® P ⇔ Q� �̄x�|�® P ⇒ Q �T�m Q⇒ P � �̄›�™�¯�`�o�M�‡�b�}

�\�•�’�w
Q�í�x�º
u�w���[ (D.1) �T�’�„�…�Ú
€�$�t	H�O�w�p�|�f�w	Â�Ì�x�¤�×�w�Å	6�ð�J

�q�`�o�S�V�‡�`�•�O�}�‡�h�| (D.3)-(D.5) �›�;�M�”�\�q�p�|�Õ�«�Ä�ç�w�º
u�w�-�‰�x
:�w

�-�‰�q�‰�a�‘�O�t�p�V�‡�b�}�«�›�•�[�”�q�|�Ú�™�w�î
: α�| β �t�0�`�o�|

(α−→a + β
−→
b ) · (α−→a + β

−→
b )

(D.5)
= (α−→a ) · (α−→a + β

−→
b ) + (β

−→
b ) · (α−→a + β

−→
b )

(D.5)
= (α−→a ) · (α−→a ) + (α−→a ) · (β

−→
b )

+ (β
−→
b ) · (α−→a ) + (β

−→
b ) · (β

−→
b )

(D.4)
= α2(−→a · −→a ) + αβ(−→a ·

−→
b ) + αβ(

−→
b · −→a ) + β2(

−→
b ·
−→
b )

(D.3)
= α2(−→a · −→a ) + 2αβ(−→a ·

−→
b ) + β2(

−→
b ·
−→
b )

�b�s�˜�j�|

(α−→a + β
−→
b ) · (α−→a + β

−→
b ) = α2(−→a · −→a ) + 2αβ(−→a ·

−→
b ) + β2(

−→
b ·
−→
b ) (D.8)

�U
R�“�q�j�‡�b�}�\�•�x�|
:�w�-�‰�t�S�M�o�|

(αa+ βb)2 = α2a2 + 2αβab+ β2b2 (D.9)
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�U
R�“�q�m�\�q�q�0� �`�o�M�‡�b�}

�Š���H 3 
…�t���È�`�o�|�Í�w�\�q�U
R�“�h�m�\�q�›�«�™�`�o�S�V�‡�b�¢	Â�Ì�x�Ú
€�$�s

�-�‰�w�ˆ�s�w�p�|	²�t�£�}

���g D.2 �y�â�”�«�æ�¿�Å�º
u�w�‹�x�s�8�t�‘�l�o
Æ�!�p�K�”�}�b�s�˜�j�|

Rθ(
−→a ) ·Rθ(

−→
b ) = −→a ·

−→
b

�U
R�“�q�m�}

�^�o�|�o�„�p	\�‚�h�è�“�|�º
u�›�;�M�”�\�q�p�â�”�«�æ�¿�Å�í���t�S�Z�”�Õ�^�q�¯�S�›

�®���[�¯�b�”�\�q�U�p�V�‡�b�}�®�Õ�^�•�¯�S�s�œ�o�~�Š�o���[�^�•�s�X�o�‹�Œ�l�o�M�”�¯�q

�¥�O
��‹�M�”�T�‹�`�•�‡�d�œ�U�|�î�M�t���[�›�	�T�•�h�’�V�j�œ�q�t�Q�’�•�‡�b�T�•�f�w

�ð�M�t�0�b�” 1 �m�w�r�t�›�\�•�T�’�)�Q�o�M�X�\�q�t�`�‡�`�•�O�}

�‡�c�|�â�”�«�æ�¿�Å�í���t�S�Z�”�Õ�^�›�â�”�«�æ�¿�Å�Ê�ç�Ü�q�M�M�‡�b�U�|�f�•�›���[

�`�‡�b�¢�®�â�”�«�æ�¿�Å�í���t�S�Z�”�Õ�^�¯�q�M�O
¯�q�›�`�‡�`�h�U�|�Š���H 1 
…�p	{�M

�h�‘�O�t�|�ß�Q�”�í���U�!�˜�•�y�Õ�^�‹�!�˜�”�\�q�t�«�™�`�o�X�i�^�M�£�}

���[ D.2�¢�â�”�«�æ�¿�Å�Ê�ç�Ü�£� �
−→a �t�0�`�o�|

|−→a | =
√−→a · −→a (D.10)

�p���[�^�•�” |−→a | �›�| �â�”�«�æ�¿�Å�Ê�ç�Ü �q�M�O�}� �
�\�\�p�| (D.6) �‘�“ −→a · −→a = 0 �s�w�p�| (D.10) �w�È�%�U�V�j�œ�q���[�^�•�”�\�q�t�«�™

�`�‡�`�•�O�}�‡�h�| (D.1) �T�’

|−→a | =
√−→a · −→a =

√
x2
1 + y21 (D.11)

�q�s�”�w�p�|���Ø�2�?�t�S�M�o�Ð�»�°�å�µ�w���g�›�;�M�h�Õ�^�q�°�•�`�o�M�‡�b�v�}

(D.10) �›�ˆ�”�q�|

�â�”�«�æ�¿�Å�Ê�ç�Ü�x�â�”�«�æ�¿�Å�º
u�t�‘�l�o�>�‡�”�‹�p�K�”

�q�M�O�\�q�U�˜�T�“�‡�b�}�^�o�|�â�”�«�æ�¿�Å�Ê�ç�Ü�x�Ž�<�w
Q�í�›�Ë�j�‡�b�}
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���g D.3�¢�â�”�«�æ�¿�Å�Ê�ç�Ü�w
Q�í�£
−→a �|
−→
b �|�î
: α �t�m�M�o�|�Ž�<�w�\�q�U
R�“�q�m�}

|−→a | = 0 (D.12)

|−→a | = 0⇔ −→a =
−→
0 (D.13)

|α−→a | = |α||−→a | (D.14)

|−→a +
−→
b | 5 |−→a |+ |−→b | (D.15)

(D.12)-(D.14) �w
Q�í�x (D.11) �T�’�„�…�Ì�’�T�p�b�U�|�â�”�«�æ�¿�Å�º
u�w
Q�í�¢���g

D.1�£�w�ˆ�›�;�M�o	Â�Ì�`�o�ˆ�‡�`�•�O�}�‡�c�| (D.12) �x���M���w���[�T�’�Ì�’�T�p�b�}

(D.13) �x�| (D.7) �T�’�Ú�j�t	H�M�‡�b�}�‡�h (D.14) �x�| (D.4) �T�’�|

|α−→a | (D.10)
=

√
(α−→a ) · (α−→a )

(D.4)
=

√
α2(−→a · −→a ) = |α|

√−→a · −→a (D.10)
= |α||−→a |

�q�s�“�|�¬�T�t
R�“�q�j�‡�b�} (D.15)�¢�~�¯
Æ�s�Ü�£�w	Â�Ì�‹ (D.11) �›�;�M�o�Ú
€�-�‰

�b�•�y�f�•�„�r�É�`�X�s�M�p�b�U�|�™�p�â�”�«�æ�¿�Å�º
u�w
Q�í�w�ˆ�›�;�M�h	Â�Ì�M�O�›

	º�p�`�‡�b�}�‡�h�|�Ê�ç�Ü�›�;�M�”�\�q�p�| (D.8) �x�|

|α−→a + β
−→
b |2 = α2|−→a |2 + 2αβ(−→a ·

−→
b ) + β2|

−→
b |2) (D.16)

�q�M�O���t	{�V�õ�Q�”�\�q�U�p�V�‡�b�¢�‘�“
:�w�-�‰ (D.9) �t�Ù�n�V�‡�`�h�v�£�}

�Í�t�|�µ�Õ�«�Ä�ç�p�s�M −→a �q
−→
b �w�s�b�¯�x

cos θ =
−→a ·
−→
b

|−→a ||
−→
b |

�›�¬�h�b�î
: θ �q�`�o���[�^�•�‡�b�}�\�\�p�ö�M
��x�|

�L�h�`�o�f�w�‘�O�s θ �U�Š�p�t���O�b�”�w�T�•

�q�M�O�Y�ð�U
Ô�T�•�\�q�p�`�•�O�}�î�M�|�È�%�w�‹�w
ˆ�0�‹�U 1 �‘�“�G�V�X�s�l�h�q�`�h

�’�| cos θ �w���[�T�’�f�w�‘�O�s θ �x���O�`�‡�d�œ�}�f�w�‘�O�s�\�q�U�I�V�s�M�\�q�›�-

	Â�b�”�w�U�|�Í�t	\�‚�”�¢�¯�”�³�”�~�£�³�á�ë�ç�À�w
Æ�s�Ü�p�b�}

���g D.4�¢�³�á�ë�ç�À�w
Æ�s�Ü�£
−→a �|
−→
b �t�m�M�o�|�Ž�<�w
Æ�s�Ü�U
R�“�q�m�}

|−→a ·
−→
b | 5 |−→a ||−→b | (D.17)
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	Â�Ì �y�Ú
€�$�s�-�‰�p�‹	Â�Ì�x�0�›�p�b�U�|�\�\�p�x�â�”�«�æ�¿�Å�º
u�w
Q�í�w�ˆ�›�;

�M�o	Â�Ì�`�o�ˆ�‡�`�•�O�¢�â�”�«�æ�¿�Å�Ê�ç�Ü�w
Q�í�‹�;�M�‡�b�U�|�f�•�’�x�b�‚�o�â�”

�«�æ�¿�Å�º
u�w
Q�í�w�ˆ�›�;�M�o�Ô�^�•�o�M�h�\�q�t�«�™�`�o�X�i�^�M�£�}�l�ˆ�w
Æ�s�Ü

�w�†�%�w�‹�x
Y�s�w�p�|
(−→a ·

−→
b )2 5 |−→a |2|−→b |2

�›	Â�Ì�b�•�y	G
ü�p�b�} −→a =
−→
0 �w�Ì�x�†�%�ž�t 0 �p�s�ø�U
R�q�b�”�w�p�|�Ž�ñ�x

−→a ̸= −→0 �w�Ì�›�ß�Q�”�\�q�t�`�‡�b�}�Ú�™�w�î
: t �t�0�`�o�| (D.16) �t�S�M�o α = t�|

β = 1 �q�`�o�ˆ�”�q�|

|t−→a +
−→
b |2 = t2|−→a |2 + 2t(−→a ·

−→
b ) + |

−→
b |2 (D.18)

�U
R�“�q�j�‡�b�}�\�\�p�| −→a ̸= −→0 �s�w�p�| (D.13)�¢�w�0�î�£�‘�“�| |−→a | ̸= 0 �p�b�}�\�w

�\�q�T�’�| t �U�Ú�™�w�î
:�p�K�l�h�\�q�t�«�™�`�o�|

t = −
−→a ·
−→
b

|−→a |2

�q�b�•�y�| (D.18) �w�È�%�x�Ž�<�w�‘�O�t�!���p�V�‡�b�•

t2|−→a |2 + 2t(−→a ·
−→
b ) + |

−→
b |2 =

(−→a ·
−→
b )2

|−→a |2
− 2

(−→a ·
−→
b )2

|−→a |2
+ |
−→
b |2

=
−(−→a ·

−→
b )2 + |−→a |2|

−→
b |2

|−→a |2

�‘�l�o�| (D.18) �‘�“�|

|t−→a +
−→
b |2 =

−(−→a ·
−→
b )2 + |−→a |2|

−→
b |2

|−→a |2

�\�w�Ü�w�(�%�x
Y�s�w�p�|

0 5 −(
−→a ·
−→
b )2 + |−→a |2|

−→
b |2

|−→a |2

�b�s�˜�j�|
(−→a ·

−→
b )2 5 |−→a |2|−→b |2

�\�•�‘�“�|�l�ˆ�w
Æ�s�Ü�U	H�M�‡�b�} �

	—�‘�Ä�æ�¿�©�”�s	Â�Ì�p�`�h�v�}�j�s�ˆ�t�| (D.18) �‘�“�|�Ú�™�w�î
: t �t�0�`�o

t2|−→a |2 + 2t(−→a ·
−→
b ) + |

−→
b |2 = 0
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�U
R�“�q�j�‡�b�U�| 2 �Í��
:�w�Œ�Ý�U�K�”
��t�q�l�o�x�|	Í�Ü�t�S�M�o (
Q���Ü ) 5 0 �w	Ú

�E�›�–�l�h�M�U�_�è�`�U�‘�M	Â�Ì�t�s�l�h�T�‹�`�•�‡�d�œ�¢�¤�×�¬�T�Š�o�ˆ�‡�`�•�O�£�}

�^�o�|�³�á�ë�ç�À�w
Æ�s�Ü (D.17) �t�S�M�o |−→a |, |
−→
b | ̸= 0�¢�b�s�˜�j�| −→a ,

−→
b ̸= −→0 �£�w

�q�V�|
ˆ�0�‹�›�Ž�`�o�†�%�› |−→a ||
−→
b | �p�Â�•�y�|

−1 5
−→a ·
−→
b

|−→a ||
−→
b |

5 1

�U
R�“�q�j�‡�b�}�`�h�U�l�o�| −1 5 cos θ 5 1 �p�K�”�\�q�q�| cos θ �w�‹�U�®�È���$�t�¯

�ˆ�X�\�q�T�’�|

cos θ =
−→a ·
−→
b

|−→a ||
−→
b |

(D.19)

�›�¬�h�b�î
: θ �U
ž�c���O�`�‡�b�¢
•
ü�O�p	6�O�¤���‹�w���g�›�;�M�•�y�k�µ�t	Â�Ì�p�V

�‡�b�£�}�‘�l�o�|�Í�w���[�U�™�¯�›�Ë�j�‡�b�}

���[ D.3�¢�â�”�«�æ�¿�Å�í���t�S�Z�”�¯�£� �
−→a ,
−→
b ̸= −→0 �t�0�`�o�| (D.19) �›�¬�h�b θ �›�| −→a �q

−→
b �w�s�b�¯ �q�M�O�}� �

(D.19) �t�S�M�o�†�%�t |−→a ||
−→
b | �›�»�Z�ù�Q�y�‘�X�Œ�’�•�h�º
u�w���[�Ü (D.2) �U�‹�T�•

�‡�b�v�}�‡�h�|�â�”�«�æ�¿�Å�Ê�ç�Ü�U�â�”�«�æ�¿�Å�º
u�T�’�>�‡�”�\�q�t�«�™�b�”�q�|

�¯�x�â�”�«�æ�¿�Å�º
u�t�‘�l�o�>�‡�”�‹�p�K�”

�\�q�U�˜�T�“�‡�b�} *22

�\�•�‘�“�|�Š���p�x	Â�Ì�p�V�s�T�l�h�p�b�U�|���g D.2 �T�’�|

�¯�x�s�8�t�‘�l�o
Æ�!�p�K�”

�\�q�‹�˜�T�“�‡�b�}

�\�\�p�|�® sin θ �‹ −1 5 sin θ 5 1 �›�¬�h�b�È����
:�s�w�i�T�’�| sin θ =
−→a ·

−→
b

|−→a ||
−→
b |
· · · (∗)

�›�¬�h�b θ �›�¯�q�`�o���[�`�o�‹�M�M�w�p�x�s�M�T�•� �̄q�M�O�Y�ð�U
Ô�T�•�T�‹�`�•�‡�d

*22 �o�~�¯��
:�›�;�M�•�y�|

θ = arccos
−→a ·

−→
b

|−→a ||
−→
b |

�q�| θ �w
¯�Ô�U�é�.�$�t�{�‡�“�‡�b�}
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�œ�}�æ�g�$�t�x�‡�l�h�X
Y�`�M�w�p�b�U�| (∗) �w�‘�O�t sin θ �›�¯�w���[�t�;�M�o�`�‡�O

�q�|�f�•�x�²�h�j�U�‘�X�Œ�l�o�M�”�¯�q�x���w
Q�í�›�Ë�m�‹�w�t�s�l�o�`�‡�M�‡�b�}�«�Q

�y�| −→a =
−→
b �w�q�V�| (∗) �T�’ sin θ = 1 �p�K�“�|�\�w�Ü�›�¬�h�b θ �x 90◦ �p�b�¢�h�i�`�|

θ �x 0◦ 5 θ < 360◦ �t
M�v�`�‡�`�h�£�}�`�T�`�|�²�h�j�w
��`�œ�p�M�”�¯�p�ß�Q�•�y�|�‰

�a�Õ�«�Ä�ç�w�s�b�¯�x 0◦ �t�s�l�o�”�x�c�p�b�}�\�w�‘�O�s�g���p�|�¯�w���[�t�x sin θ �x

�–�˜�•�s�M�w�p�b�}�°�M�| cos θ = 1 �q�s�” θ �›�ß�Q�•�y�|�f�•�x 0◦ �p�b�v�}�\�w���t

�‹�|�¯�w���[�t cos θ �›�;�M�”�q�²�h�j�U�‘�X�Œ�l�o�M�”�¯�w
Q�í�U�V�j�œ�q�-�h�•�o�M

�”�\�q�U�˜�T�“�‡�b�}

�³�á�ë�ç�À�w
Æ�s�Ü�w� �;�q�`�o�|�~�¯
Æ�s�Ü (D.15) �›	Â�Ì�`�o�ˆ�‡�`�•�O�}	Â�Ì�x

���o�p�| (D.16)�¢�t�S�M�o α = β = 1 �q�`�h�‹�w�£�q�³�á�ë�ç�À�w
Æ�s�Ü (D.17) �‘�“�|

|−→a +
−→
b |2 (D.16)

= |−→a |2 + 2(−→a ·
−→
b ) + |

−→
b |2

(D.17)

5 |−→a |2 + 2|−→a ||
−→
b |+ |

−→
b |2

= (|−→a |+ |
−→
b |)2

�q�s�”�w�p�|�\�•�‘�“�|�~�¯
Æ�s�Ü

|−→a +
−→
b | 5 |−→a |+ |−→b |

�U
R�“�q�j�‡�b�}�`�h�U�l�o�|

�â�”�«�æ�¿�Å�Ê�ç�Ü�w
Q�í�¢���g D.3�£�x

�â�”�«�æ�¿�Å�º
u�w
Q�í�¢���g D.1�£�w�ˆ�›�;�M�o	Â�Ì�^�•�”

�q�M�O�\�q�U�˜�T�“�‡�`�h�}

�7�™�t�|�Õ�«�Ä�ç�w�Ú�¦�t�m�M�o���[�`�o�S�V�‡�b�}

���[ D.4�¢�Õ�«�Ä�ç�w�Ú�¦�£� �
−→a �|
−→
b �t�0�`�o�|

−→a ·
−→
b = 0 (D.20)

�U
R�“�q�m�q�V�| −→a �q
−→
b �U�Ú�¦�b�” �q�M�O� �

�\�\�p�|�®�Ú�¦�¯�q�M�O�2�?�¶�$�y�“�æ�U�º
u�w�ˆ�›�;�M�o���[�^�•�o�M�”�\�q�t�«�™�`

�o�X�i�^�M�}�\�w���[�T�’�|�Ú�j�t�Í�w�Ð�»�°�å�µ�w���g�U	H�M�‡�b�}
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���g D.5�¢�Ð�»�°�å�µ�w���g�£
−→a �q

−→
b �U�Ú�¦�b�”�q�V�|

|−→a +
−→
b |2 = |−→a |2 + |

−→
b |2

�U
R�“�q�m�}

	Â�Ì �y (D.16) �t�S�M�o�| α = β = 1 �q�b�•�y�|

|−→a +
−→
b |2 = |−→a |2 + 2(−→a ·

−→
b ) + |

−→
b |2

�U
R�“�q�j�‡�b�}�>���T�’�| (D.20) �U
R�“�q�m�w�p�\�•�›	Í�Ü�t�E�Ö�b�•�y�|�l�ˆ�w�Ü�U

�˜�’�•�‡�b�} �

�Š���t�S�M�o�Õ�«�Ä�ç�w�Õ�^�›���[�b�”�h�Š�t�Ð�»�°�å�µ�w���g�›�;�M�‡�`�h�U�|�\�\

�p�x�‡�c�º
u�›���[�`�h�™�t�|�f�w
Q�í�w�ˆ�›�;�M�o�Ð�»�°�å�µ�w���g�›	Â�Ì�`�‡�`�h�}

�M�‡�|

�2�?�¶�t�S�M�o�7	O�A���g�p�K�”�Ð�»�°�å�µ�w���g�w	Â�Ì�t�S�M�o

�²�h�j�U
Ó�è�ß�Q�”�‘�O�s�2�?�$�“�æ�U�°
~�q�•�o�\�s�T�l�h

�q�M�O�:�t�«�è�`�o�X�i�^�M�}

D.2 �Û�ï�¯�Ñ�µ�©�”�í���w�2�?�Ï��

�\�w�ò�p�x�|
²�ò�w�â�”�«�æ�¿�Å�í���t�S�Z�”�ß�o�›�Õ�”�µ�t�`�o�|�Û�ï�¯�Ñ�µ�©�”�í

���w�2�?�Ï���›�Ì�’�T�t�`�‡�b�}�Û�ï�¯�Ñ�µ�©�”�í���p�x
Æ�¥�^�s�\�q�t�|

�~�¯
Æ�s�Ü (D.15) �w
Æ�s�ø�U�o�²�V�t�s�l�h
Æ�s�Ü�¢�o�~�¯
Æ�s�Ü�£�U
R�“�q�m

�w�p�b�U�|�f�w�\�q�›	Â�Ì�b�”�\�q�U�\�w�ò�w�7	4�è
ª�p�b�}

�‡�c�|�Û�ï�¯�Ñ�µ�©�”�í���t�S�Z�”�º
u�t�K�h�”�‹�w�›���[�`�‡�`�•�O�}�Ž�ñ�|�Û�ï�¯

�Ñ�µ�©�”�í���t�S�Z�”�Õ�«�Ä�ç�›�Ì�í�Õ�«�Ä�ç�q�z�•�\�q�t�`�‡�b�¢�í���t���`�o 2 �Í

�i�|�Ì���t���`�o 1 �Í�i�›�ß�Q�”�w�p�|�Ì�í�Õ�«�Ä�ç�x 3 �Í�i�Õ�«�Ä�ç�t�s�“�‡�b�£�}
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���[ D.5�¢�Û�ï�¯�Ñ�µ�©�”�º
u�£� �
�Ì�í�Õ�«�Ä�ç −→a = (x1, y1, t1),

−→
b = (x2, y2, t2) �t�0�`�o�|

−→a ∗
−→
b = x1x2 + y1y2 − t1t2 (D.21)

�p���[�^�•�” −→a ∗
−→
b �›�| �Û�ï�¯�Ñ�µ�©�”�º
u �q�M�O�}� �

�\�\�p�| (D.21) �x�î�x�º
u�q�x�Ÿ�s�”�‹�w�s�w�p�b�U�|�ó�«	Í�®�Û�ï�¯�Ñ�µ�©�”�º
u� �̄q

�z�y�•�”�\�q�›�«�™�`�o�S�V�‡�b�¢	Ä�`�M�\�q�x D.3 
…�p	\�‚�‡�b�£�}�‡�h�|�Ú
€�$�s�-

�‰�p�Í�w�\�q�U�˜�T�“�‡�b�}

���g D.6 �y�Û�ï�¯�Ñ�µ�©�”�º
u�w�‹�x�é�”�è�ï�À�!�õ�t�‘�l�o
Æ�!�p�K�”�}�b�s

�˜�j�| (A.1) �p���[�^�•�”�é�”�è�ï�À�!�õ�› Lv �q	{�X�\�q�t�b�•�y�|

Lv(
−→a ) ∗ Lv(

−→
b ) = −→a ∗

−→
b

�U
R�“�q�m�}

�Í�t�Û�ï�¯�Ñ�µ�©�”�º
u�w
Q�í�›	\�‚�‡�`�•�O�}

���g D.7�¢�Û�ï�¯�Ñ�µ�©�”�º
u�w
Q�í�£

�Ì�í�Õ�«�Ä�ç −→a �|
−→
b �| −→c �q�|�î
: α �t�m�M�o�|�Ž�<�w�\�q�U
R�“�q�m�}

−→a ∗
−→
b =

−→
b ∗ −→a (D.22)

(α−→a ) ∗
−→
b = α(−→a ∗

−→
b ) (D.23)

(−→a +
−→
b ) ∗ −→c = −→a ∗ −→c +

−→
b ∗ −→c (D.24)

	Â�Ì�x�â�”�«�æ�¿�Å�º
u�w
Q�í�w	Â�Ì�q�‰�7�t	²�V�‡�b�}�\�\�p�|

−→a ∗ −→a === 0 �U	×�t
R�“�q�m�q�x�v�’�s�M

�q�M�O�\�q�›�«�™�`�o�S�V�‡�b�}�\�w�\�q�›�ß�€�b�”�q�|�Ì�í�Õ�«�Ä�ç�›�Ž�<�w 3 	��¨�t


ü�¨�b�”�w�x�]�X�×
µ�s
C
Ý�q�M�Q�”�p�`�•�O�}
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���[ D.6�¢�Ì�í�Õ�«�Ä�ç�w
ü�¨�£� �
i) −→a ∗ −→a < 0 �›�¬�h�b�Ì�í�Õ�«�Ä�ç −→a �›�| �Ì���$�Õ�«�Ä�ç �q�M�O�}

ii) −→a ∗ −→a > 0 �›�¬�h�b�Ì�í�Õ�«�Ä�ç −→a �›�| �í���$�Õ�«�Ä�ç �q�M�O�}

iii) −→a ∗ −→a = 0 �›�¬�h�b�Ì�í�Õ�«�Ä�ç −→a �›�| �«�$�Õ�«�Ä�ç �q�M�O�}� �
�\�\�p�| (D.6) �‘�“�â�”�«�æ�¿�Å�í���p�x	×�t −→a · −→a = 0 �U
R�“�q�l�o�M�h�\�q�›�¥�M	Z

�d�y�|�Ì���$�Õ�«�Ä�ç�x�Û�ï�¯�Ñ�µ�©�”�í���›�ß�Q�o�x�a�Š�o�J	Ô�`�h�“�æ�p�b�}�t�M�T

�Q�•�y�|�Ì���$�Õ�«�Ä�ç�x�²�h�j�t�q�l�o�›�Ÿ�s���O�p�K�”�w�p�b�U�|


:�¶�t�S�M�o�›�Ÿ�s�‹�w�t�è�›�²�Z�”�q�f�w�Š�í�U�_�Q�o�X�”�\�q

�U�î�x���M�w�p�b�} *23�«�t�Ù�•�c�|

�Ì���$�Õ�«�Ä�ç�t�è�›�²�Z�”�q�Û�ï�¯�Ñ�µ�©�”�í���w�Š�í�U�_�Q�o�X�”

�\�q�U�Ž�<�p�˜�T�”�q�¥�M�‡�b�}

�^�o�|�\�•�’�w���[�w�<�p�|�™�t�Û�ï�¯�Ñ�µ�©�”�í���t�S�Z�”�³�á�ë�ç�À�w
Æ�s�Ü�¢�o

�³�á�ë�ç�À�w
Æ�s�Ü�£�›	Â�Ì�b�”�h�Š�t�;�M�”�4�J�›	j
‹�`�o�S�V�‡�b�}�h�i�`�|���g�¤

�w�®�Ú�¦�¯�q�x�|�Û�ï�¯�Ñ�µ�©�”�º
u�U�¸�é�t�s�”�q�M�O�™�¯�p�;�M�o�M�‡�b�}

�4�J D �y�Ì���$�Õ�«�Ä�ç −→a �t�0�`�o�| −→a �q�Ú�¦�b�”�¸�é�p�s�M�Ì�í�Õ�«�Ä�ç�x�|

�b�‚�o�í���$�Õ�«�Ä�ç�p�K�”�}

	Â�Ì �y −→a = (x1, y1, t1) �q�Ú�¦�b�”�¸�é�p�s�M�Ì�í�Õ�«�Ä�ç�›
−→
b = (x2, y2, t2) �q�S�V�|

−→
b �U�í���$�Õ�«�Ä�ç�t�s�”�\�q�›�Ô�`�‡�b�}�\�\�p�| t2 = 0 �w�q�V�x�|

−→
b ∗
−→
b = x2

2 + y22

�q�s�”�w�p�|
−→
b �U�¸�é�Õ�«�Ä�ç�p�s�M�¢�b�s�˜�j�| x2 �T y2 �x�¸�é�p�s�M�£�\�q�T�’�|

−→
b ∗
−→
b > 0

�q�s�“�|
−→
b �U�í���$�Õ�«�Ä�ç�p�K�”�\�q�U	H�M�‡�b�}�‘�l�o�|�Ž�ñ�p�x t2 ̸= 0 �›�>���`

�‡�b�}�‡�c�| −→a �q
−→
b �U�Ú�¦�b�”�w�p�| −→a ∗

−→
b = 0 �‘�“�|

x1x2 + y1y2 − t1t2 = 0

*23 �\�w�t�?�w�™�¯�x�|	•�R
ó
É��
:�æ�p�›�Ÿ�:�›�¶�•�q�‘�X�g�r�p�V�”�q�¥�M�‡�b�}
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�b�s�˜�j�|
x1x2 + y1y2 = t1t2 (D.25)

�U
R�“�q�j�‡�b�}�\�\�p�|

−→x = (x1, x2),
−→y = (y1, y2)

�q�M�O�â�”�«�æ�¿�Å�í���t�S�Z�”�Õ�«�Ä�ç�›�ß�Q�‡�b�}�b�”�q�| −→x ̸= −→0 �p�K�”�\�q�U

�˜�T�“�‡�b�}�s�e�s�’�| −→x =
−→
0 �¢�b�s�˜�j�| x1 = y1 = 0�£�q�>���b�”�q�| (D.25) �‘�“

t1t2 = 0 �s�w�p�| t2 ̸= 0 �T�’ t1 = 0 �q�s�“�‡�b�}�‘�l�o�| −→a =
−→
0 �q�s�“�| −→a ∗ −→a = 0

�U
R�“�q�m�w�p�| −→a �U�Ì���$�Õ�«�Ä�ç�p�K�”�\�q�t�Ã	l�`�‡�b�}�^�o�|�â�”�«�æ�¿�Å�º
u

�w���[ (D.1) �‘�“�| (D.25) �x�|
−→x · −→y = t1t2

�q	{�V�õ�Q�”�\�q�U�p�V�|�›�t�|

t21t
2
2 = |−→x · −→y |2 (D.26)

�U
R�“�q�j�‡�b�}�^�o�| −→a �U�Ì���$�Õ�«�Ä�ç�q�M�O�>���‘�“�| −→a ∗ −→a < 0 �s�w�p�|

x2
1 + y21 − t21 < 0

�p�b�U�|�â�”�«�æ�¿�Å�Ê�ç�Ü�w���[ (D.10) �T�’ |−→x |2 = x2
1+y21 �q�s�”�\�q�t�«�™�b�•�y�|

|−→x |2 < t21

�q	{�Z�‡�b�} t2 ̸= 0 �‘�“�\�w
Æ�s�Ü�w�†�%�t t22 �›	Ð�a�o�| (D.26) �›�;�M�”�q�|

t22|−→x |2 < |−→x · −→y |2 (D.27)

�U
R�“�q�j�‡�b�}�°�M�| −→x �q −→y �x�â�”�«�æ�¿�Å�í���w�Õ�«�Ä�ç�s�w�p�|�â�”�«�æ�¿�Å�í

���t�S�Z�”�³�á�ë�ç�À�w
Æ�s�Ü (D.17) �‘�“�|

|−→x · −→y |2 5 |−→x |2|−→y |2

�q�s�“�‡�b�}�`�h�U�l�o�| (D.27) �‘�“�|

t22|−→x |2 < |−→x |2|−→y |2

�q�s�“�‡�b�}�‘�l�o |−→x |2 > 0 �p�K�l�h�\�q�t�«�™�b�•�y�|	Í�Ü�T�’

|−→y |2 − t22 > 0
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�U	H�M�‡�b�U�|�\�•�x�| −→y �w���[�T�’�|

x2
2 + y22 − t22 > 0

�b�s�˜�j�| −→
b ∗
−→
b > 0

�›�™�¯�`�‡�b�}�`�h�U�l�o�|
−→
b �x�í���$�Õ�«�Ä�ç�p�K�”�\�q�U�Ô�d�‡�`�h�} �

�^�o�|�â�”�«�æ�¿�Å�í���w�Ì�q�‰�7�t�|�Û�ï�¯�Ñ�µ�©�”�º
u�›�;�M�o�Û�ï�¯�Ñ�µ�©�”�í

���t�S�Z�”�Õ�^�|�b�s�˜�j�Û�ï�¯�Ñ�µ�©�”�Ê�ç�Ü�›���[�`�‡�`�•�O�¢�Û�ï�¯�Ñ�µ�©�”�º
u

�w�q�\�–�p�‹�«�™�`�‡�`�h�U�|�Í�t	\�‚�” (D.28) �‹�î�x�Ê�ç�Ü�q	{�M�o�`�‡�O�q�¢�¹�t

�s�l�o�`�‡�O�w�p�b�U�|�ó�«�$�t�Û�ï�¯�Ñ�µ�©�”�Ê�ç�Ü�q�‘�|�‡�b�£�}

���[ D.7�¢�Û�ï�¯�Ñ�µ�©�”�Ê�ç�Ü�£� �
�Ì�í�Õ�«�Ä�ç −→a �t�0�`�o�|

∥−→a ∥ =
√
|−→a ∗ −→a | (D.28)

�p���[�^�•�” ∥−→a ∥ �›�| �Û�ï�¯�Ñ�µ�©�”�Ê�ç�Ü �q�M�O�}� �
�\�\�p�| −→a ∗−→a �x
Û�t�s�”	Ô�ù�‹�K�”�h�Š�|�ç�”�Ä�w�¤�t
ˆ�0�‹�U�Ö�l�o�M�”�\�q�t�«�™

�`�o�X�i�^�M�}�›�t�| −→a �U�Ì���$�Õ�«�Ä�ç�w�q�V −→a ∗ −→a < 0 �‘�“�| |−→a ∗ −→a | = −−→a ∗ −→a
�p�K�”�h�Š�| (D.28) �w�†�%�› 2 	Ð�b�”�\�q�t�‘�“�|

−→a ∗ −→a = −∥−→a ∥2 (D.29)

�U
R�“�q�j�‡�b�}


Œ�„�r�Ô�`�h�4�J D �›�;�M�o�|�Û�ï�¯�Ñ�µ�©�”�í���t�S�Z�”�³�á�ë�ç�À�w
Æ�s�Ü�›	Â

�Ì�`�‡�`�•�O�}

���g D.8�¢�o�³�á�ë�ç�À�w
Æ�s�Ü�£ −→a �|
−→
b �U�Ì���$�Õ�«�Ä�ç�s�’�y�|

|−→a ∗
−→
b | = ∥−→a |∥−→b ∥ (D.30)

	Â�Ì �y�l�ˆ�w
Æ�s�Ü�x�†�%�U
Y�s�w�p�|

(−→a ∗
−→
b )2 = ∥−→a ∥2∥−→b ∥2
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�›�Ô�d�y	G
ü�p�b�}�‡�h�| ∥−→a ∥ = 0 �w�q�V�Ì�’�T�t (D.30) �x
R�“�q�m�w�p�|�Ž�<�p�x

∥−→a ∥ ̸= 0 �›�>���`�‡�b�}�^�o�| −→a �U�Ì���$�Õ�«�Ä�ç�p�K�”�\�q�t�«�™�`�o�Ë�J D.7�¢�Û

�ï�¯�Ñ�µ�©�”�º
u�w
Q�í�£�q (D.29) �›�;�M�•�y�|�Ú�™�w�î
: t �t�m�M�o�|

(t−→a +
−→
b ) ∗ −→a = t(−→a ∗ −→a ) +

−→
b ∗ −→a = −t∥−→a ∥2 +−→a ∗

−→
b

�U
R�“�q�j�‡�b�} ∥−→a ∥ ̸= 0 �‘�“�|	Í�Ü�t�S�M�o�|

t =
−→a ∗
−→
b

∥−→a ∥2
(D.31)

�q�b�•�y�|
(t−→a +

−→
b ) ∗ −→a = 0

�q�s�“�‡�b�}�\�•�x�Ì�í�Õ�«�Ä�ç t−→a +
−→
b �U�Ì���$�Õ�«�Ä�ç −→a �q�Ú�¦�`�o�M�”�\�q�›

�Ô�`�o�M�”�w�p�|�4�J D �‘�“�| t−→a +
−→
b �x�¸�é�Õ�«�Ä�ç�T�í���$�Õ�«�Ä�ç�t�s�“�‡�b�}

�‘�l�o�|
(t−→a +

−→
b ) ∗ (t−→a +

−→
b ) = 0 (D.32)

�U	H�M�‡�b�}�\�\�p�| −→a �q
−→
b �x�Ì���$�Õ�«�Ä�ç�s�w�p�|���g D.7�¢�Û�ï�¯�Ñ�µ�©�”�º
u

�w
Q�í�£�| (D.29)�| (D.31) �‘�“�|

(t−→a +
−→
b ) ∗ (t−→a +

−→
b )

���g D.7
= t2(−→a ∗ −→a ) + 2t(−→a ∗

−→
b ) +

−→
b ∗
−→
b

(D.29)
= −t2∥−→a ∥2 + 2t(−→a ∗

−→
b )− ∥

−→
b ∥2

(D.31)
=

(−→a ∗
−→
b )2 − ∥−→a ∥2∥

−→
b ∥2

∥−→a ∥2

�`�h�U�l�o�| (D.32) �T�’�|

(−→a ∗
−→
b )2 = ∥−→a ∥2∥−→b ∥2

�q�s�”�w�p�|�\�•�‘�“�A�æ�U	H�M�‡�b�} �

�o�~�¯
Æ�s�Ü�w	Â�Ì�t�Ö�”
²�t�|�Û�ï�¯�Ñ�µ�©�”�í���t�S�Z�”�¯�›���[�`�o�S�V�‡�`�•

�O�}�f�w�h�Š�t�| 1 �m�i�Z�;� �›���[�`�o�S�V�‡�b�}

���[ A.8�¢	q�Ì�$�Õ�«�Ä�ç�£� �
�Ì���$�Õ�«�Ä�ç −→a �|

−→
b �U�|

−→a ∗
−→
b < 0

�›�¬�h�b�q�V�| −→a �q
−→
b �x 	q�Ì�$�Õ�«�Ä�ç�p�K�” �q�M�O�}� �
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−→a �|
−→
b �U	q�Ì�$�Õ�«�Ä�ç�w�q�V�|���[�T�’�|

|−→a ∗
−→
b | = −(−→a ∗

−→
b )

�s�w�p�|�o�³�á�ë�ç�À�w
Æ�s�Ü (D.30) �T�’�|

−(−→a ∗
−→
b ) = ∥−→a ∥∥−→b ∥

�b�s�˜�j

1 5 −(
−→a ∗
−→
b )

∥−→a ∥∥
−→
b ∥

�U
R�“�q�j�‡�b�}�â�”�«�æ�¿�Å�í���w	Ô�ù�x cos θ �›�;�M�o�¯�›���[�`�‡�`�h�U�|	Í�Ü�‘

�“�f�•�x
Æ�D�ó�p�b�}�p�x�r�O�b�”�T�q�M�O�q�|�Û�ï�¯�Ñ�µ�©�”�í���t�µ
€�t���˜�“�|�T

�m cos θ �t�Å�o�M�”��
:�U�K�l�h�\�q�x�¥�M	Z�`�o�X�i�^�M�}�f�•�x
Ò�Â
¢��
: cosh θ �p

�b�}�î�M�|�Š���w
$ 4.3�¢ p.37�£�‘�“�| cosh θ �x�È����
:�p�K�“�| 1 5 cosh θ �›�ˆ�h�b�w�p�|

cosh θ =
−(−→a ∗

−→
b )

∥−→a ∥∥
−→
b ∥

(D.33)

�›�¬�h�b θ > 0 �U���O�`�‡�b�¢ cosh θ �U t > 0 �p�o�Ð
ÿ�C�p�K�”�\�q�t�«�™�b�•�y�| θ �U

�h�i 1 �m�t���‡�”�\�q�‹�M�Q�‡�b�£�}�‘�l�o�|�Í�w���[�U�™�¯�›�Ë�j�‡�b�}

���[ D.9�¢
Ò�Â�¯�£� �
	q�Ì�$�Õ�«�Ä�ç −→a �|

−→
b �t�0�`�o�| (D.33) �p���[�^�•�” θ �›�| −→a �q

−→
b �w�s�b 
Ò�Â

�¯ �q�M�O�}� �
�Û�ï�¯�Ñ�µ�©�”�Ê�ç�Ü�U�Û�ï�¯�Ñ�µ�©�”�º
u�p
¯�q�p�V�”�\�q�q���g D.6 �t�«�™�b�•�y�|


Ò�Â�¯�x�é�”�è�ï�À�!�õ�t�‘�l�o
Æ�!�p�K�”

�\�q�U�A�æ�n�Z�’�•�‡�b�}�Š���p�_�h�‘�O�t�|�\�w�K�h�“�x�â�”�«�æ�¿�Å�í���q�Í�å�è�ç

�t�s�l�o�M�‡�b�v�}

�p�x�|�Û�ï�¯�Ñ�µ�©�”�í���t�S�Z�”�~�¯
Æ�s�Ü�›	Â�Ì�`�‡�`�•�O�}

���g D.9�¢�o�~�¯
Æ�s�Ü�£
−→a ,
−→
b �U	q�Ì�$�Õ�«�Ä�ç�s�’�y�|

∥−→a ∥+ ∥
−→
b ∥ ≤ ∥−→a +

−→
b ∥
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	Â�Ì �y�‡�c�| −→a ,
−→
b �U	q�Ì�$�Õ�«�Ä�ç�p�K�”�q�M�O�>���T�’�|

−→a ∗
−→
b < 0, −→a ∗ −→a < 0,

−→
b ∗
−→
b < 0

�U
R�“�q�j�‡�b�¢	q�Ì�$�Õ�«�Ä�ç�x�|���[�‘�“�Ì���$�Õ�«�Ä�ç�p�‹�K�”�\�q�t�«�™�`�o�X

�i�^�M�£�}�‘�l�o�|

(−→a +
−→
b ) ∗ (−→a +

−→
b ) = −→a ∗ −→a + 2(−→a ∗

−→
b ) +

−→
b ∗
−→
b < 0

�s�w�p�| −→a +
−→
b �x�Ì���$�Õ�«�Ä�ç�p�b�}�\�•�‘�“�| (D.29) �t�«�™�`�o�|	Í�Ü�w�(�%�q�È

�%�›�!���b�•�y�|

−∥−→a +
−→
b ∥2 = −∥−→a ∥2 + 2(−→a ∗

−→
b )− ∥

−→
b ∥2 (D.34)

�U
R�“�q�j�‡�b�}�\�\�p�| −→a ,
−→
b �U	q�Ì�$�Õ�«�Ä�ç�¢�b�s�˜�j�Ì���$�Õ�«�Ä�ç�£�p�K�”�w

�p�|�o�³�á�ë�ç�À�w
Æ�s�Ü (D.30) �‘�“�|

−(−→a ∗
−→
b ) = ∥−→a ∥∥−→b ∥ ∴ −→a ∗

−→
b 5 −∥−→a ∥∥−→b ∥

�U	H�M�‡�b�}�\�w�Ü�q (D.34) �‘�“�|

−∥−→a +
−→
b ∥2 5 −∥−→a ∥2 − 2∥−→a ∥∥

−→
b ∥ − ∥

−→
b ∥2 = −(∥−→a ∥+ ∥

−→
b ∥)2

�b�s�˜�j�|
(∥−→a ∥+ ∥

−→
b ∥)2 5 ∥−→a +

−→
b ∥2

�U
R�“�q�m�w�p�|�\�•�‘�“�l�ˆ�w
Æ�s�Ü�U�˜�’�•�‡�b�} �

�\�•�t�o�|�o�~�¯
Æ�s�Ü�›	Â�Ì�b�”�q�M�O�Š�ò�w�è�$�›�L�h�b�\�q�U�p�V�‡�`�h�|�7�™

�t�¯�Ý�ï�Ä�›�`�o�S�X�q�|�o�~�¯
Æ�s�Ü�w
R�q�U�Ô�b�‘�O�t�|�Û�ï�¯�Ñ�µ�©�”�í���w�2�?

�¶�x�â�”�«�æ�¿�Å�í���w�2�?�¶�q�x���Š�$�t�Ÿ�s�l�o�M�‡�b�}�f�•�x�²�h�j�t�x�°�_
‡	×

�Ý�s�2�?�¶�¢
‡�â�”�«�æ�¿�Å�2�?�¶�‚�£�t�¥�Q�o�`�‡�O�\�q�p�`�•�O�}�\�w�\�q�x�|�›	�


ì�0
Q�g�æ�w	~�A�L�U�²�h�j�t�x
‡	×�Ý�t�¥�Q�o�`�‡�O�q�M�O�Ä�î�t
S�é�^�•�o�M�‡�b�}

�m�‡�“�|

�›	�
ì�0
Q�g�æ�t�S�Z�”
Æ�D�¥�^�s�A�L�w
:�‘�x�|

�f�w
ã�F�p�K�”�Û�ï�¯�Ñ�µ�©�”�í���w
‡�â�”�«�æ�¿�Å
Q�U
S�é�^�•�h�‹�w�p�K�”

�q�ß�Q�”�\�q�‹�p�V�”�w�p�b�}
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D.3 �º
u�U
\�ˆ	Z�b�Ï��

�\�w�ò�p�x�|���‡�p	\�‚�o�V�h�º
u�t�m�M�o�°
`�=�b�”�\�q�›�¼�ˆ�‡�b�}�º�0�U�T�s�“

�¨	Å�$�t�s�”�h�Š�|�v�•�›�å�O�i�Z�p�‹�A�Ï�p�b�}

�‡�c�º
u�›�)�Q�”�í���›���[�`�‡�b�}�Ž�ñ�| R �p�î
:
¶�.�w	B�ù�›
¯�b�‹�w�q�`�‡�b�}

���[ D.10�¢�Õ�«�Ä�ç�í���£� �
	B�ù V �U R 	Í *24�w�Õ�«�Ä�ç�í���¢
¢���í���£ �p�K�”�q�x�| x,y ∈ V �t�0�`�o�è�q

�‘�y�•�”���‰ + �U�K�l�o x+ y ∈ V �U�>�‡�“�| α ∈ R �q x ∈ V �t�0�`�o�µ�§�å�”


��q�‘�y�•�”���‰�U�K�l�o αx ∈ V �U�>�‡�“�|�\�•�’�U�Í�w���‰�F���›�ˆ�h�b�q�V

�p�K�”�}

(1) x+ y = y + x

(2) x+ (y + x) = (x+ y) + z

(3) �b�‚�o�w x �t�0�`�o�| x+ 0 = x �›
R�“�q�h�d�”�‘�O�s 0 ∈ V �U�h�i 1 �m��

�O�b�”�}

(4) �b�‚�o�w x �t�0�`�o�| x+ x′ = 0 �›
R�“�q�h�d�”�‘�O�s�Õ�«�Ä�ç x′ �U�h�i 1

�m���O�b�”

(5) 1x = x

(6) α(βx) = (αβ)x

(7) α(x+ y) = αx+ αy

(8) (α+ β)x = αx+ βx

�s�S�| V �w�i�› �Õ�«�Ä�ç �q�M�O�}� �
�p�h�“
²�s�\�q�›	{�V�È�v�h�i�Z�t�_�Q�‡�b�U�|�\�•�x�²�h�j�U���‡�p�–�l�o�V�h�®�ü�¹

�q�`�o�w�Õ�«�Ä�ç�¯�›�¨	Å�=�`�h�A�L�p�b�}�f�\�p�x�|

�Õ�«�Ä�ç�T�’�®�ü�¹�¯�q�M�O� �Ý�”�´�U�ú	Å�^�•�o�`�‡�l�o�M�”

�\�q�t�«�™�`�‡�`�•�O�}�®�o�t�˜�T�“�t�X�X�s�l�h�i�Z�a�Œ�s�M�T�‚�¯�q�¥�O
��‹�M�”�T

�‹�`�•�‡�d�œ�U�|���[�›�¨	Å�=�b�”�\�q�t�‘�l�o�|�Š�R�Õ�«�Ä�ç�q�x�¥�Q�s�M�‹�w�‹�|�Õ

*24 R �w
æ
ü�x
ó
É
:
¶�.�w	B�ù C �t�`�o�‹�G	Î
É�p�|�^�’�t�°
`�w�. K �t�‡�p�¦�Á�p�V�‡�b�}
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�«�Ä�ç�w�¥���t�Ö�•�o�K�[�”�\�q�U�p�V�‡�b�}�Í�w���g�›�_�o�ˆ�o�X�i�^�M�}

���g D.10 �y���à�� [a, b] �p���[�^�•�h�È����
:
¶�.�w	B�ù�› C([a, b]) �q	{�V�|

f, g ∈ C([a, b]) �q α ∈ R �t�0�`�o�f�w�è�q�µ�§�å�”
��›�|�¤�: x ∈ [a, b] �]�q�t�|

(f + g)(x) = f(x) + g(x), (αf)(x) = αf(x)

�q���[�b�”�q�| C([a, b]) �x�Õ�«�Ä�ç�í���t�s�”�}

�È����
:�w�è�q�µ�§�å�”
��U�È����
:�t�s�”�\�q�t�«�™�b�•�y�|�è�q�µ�§�å�”
��U�V�j�œ

�q���[�^�•�”�\�q�U�˜�T�“�‡�b�¢�j�s�ˆ�t�|�® C �¯�x�È���›�™�¯�b�” Continuous �w C �p

�b�£�}�’�“�w	Ú�E�›�¬�h�b�T�r�O�T�w	Â�Ì�x�…�^�œ�t�•�v�‡�b�U�| 1 �m�§�Ð�`�h�M�w�x�|

��
:�›�Õ�«�Ä�ç�q�ˆ�s�b�\�q�U�p�V�”

�q�M�O�:�p�b�}�\�w�\�q�x�|�®�Õ�«�Ä�ç�¹�ü�¹�¯�q�M�O�7
R�“�æ�w�<�p�x�|�>�`�o
\�‡�•

�s�T�l�h�\�q�p�`�•�O�}�\�\�t�|�Õ�«�Ä�ç�›�¨	Å�=�`�h�™�[�U�K�“�‡�b�}

	j
‹�U�p�V�h�w�p�|�M�‘�M�‘�S�4�j�T�v�w�º
u�›���[�`�‡�`�•�O�}

���[ D.11�¢�º
u�£� �
�Õ�«�Ä�ç�í�� V �w 2 �m�w�i x,y �t�0�`�o�|�î
: (x,y) �U�0� �`�|�Í�w
Q�í�›�¬�h�b

�q�V�| V �t�º
u�U�)�Q�’�•�h�q�M�M�| (x,y) �› x �q y �w�º
u �q�M�O�}

(1) �0	¶
Q
(x,y) = (y,x)

(2) 
Ò
¢��
Q
(αx+ βy, z) = α(x,z) + β(y, z)

(3) 
Y�‹
Q *25

(x,x) = 0

(4) 
‡�@�=
Q*26

(x,x) = 0⇔ x = 0

�s�S�|�º
u�U�)�Q�’�•�h�Õ�«�Ä�ç�í���› �º
u�í�� �q�M�M�| (V, (·, ·)) �q
¯�G�b�”�}� �
*26 �º
u�w���[�t
Y�‹
Q�›���Š�s�M�v�Q�‹�K�“�‡�b�U�|�r
s�¶�t�S�M�o�x�\�•�U�°
`�$�s���[�p�b�}
*26 
‡�@�=
Q�w���[�q�`�o�|�®�Ú�™�w y �t�0�`�o (x,y) = 0 ⇔ x = 0�¯�›�>�;�b�”	Ô�ù�‹�K�“�‡�b�}
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�º
u�w�G�ø�t�® ·� �̄U�–�˜�•�o�M�s�M�\�q�t�«�™�`�o�X�i�^�M�}�\�j�’�w�M�U�º
u�w�°
`�$

�s
¯�G�p�K�“�|�î�M�G�¶�p�–�;�b�”�„�q�œ�r�w�­�J	{�t�x�\�j�’�w�G�ø�U�–�˜�•�o�M�‡�b

�¢	•�R�$�t�r
s�¶�p�º
u�›�;�M�”�‘�O�t�s�”�q�|�\�w�G�O�w�(�b�^�U
��t
›�ˆ�o�˜�T�”�q

�¥�M�‡�b�£�}�‡�h�|�\�w���[�T�’�˜�T�”�‘�O�t D.2 
…�p���[�`�h�Û�ï�¯�Ñ�µ�©�”�º
u�x�º


u�t�x�s�“�‡�d�œ�}�s�e�s�’�|�Û�ï�¯�Ñ�µ�©�”�º
u�x
Y�‹
Q�›�¬�h�^�s�M�T�’�p�b�} *27

�^�o�|�\�w���[�›�_�h�q�V�?�T�>
Ç�M�h
��x�M�s�M�p�`�•�O�T�•�\�•�x�| D.1 
…�p�J	Ô

�`�h���g D.1�¢�â�”�«�æ�¿�Å�º
u�w
Q�í�£�q�º�0�U�‰�a�p�b�v�} D.1 
…�p�x�|�‡�c�¢�â�”

�«�æ�¿�Å�£�º
u�›�é�.�$�t���[�`�o�|�f�w
Q�í�›�‹�V�‡�`�h�}�`�T�`�|�7�t�ì
R�`�h�g�æ

�.�%�t�S�M�o�x�|	Í�G�w
Q�í�›�¬�h�b�‹�w�¢�ø
þ�£�›�º
u�q�‘�•�w�p�b�¢�¨	Å�=�`�h�\�q

�w�š�b�ù�x�\�w�ò�w�™
R�p�Ì�’�T�t�s�”�p�`�•�O�£�}�`�h�U�l�o�| D.1 
…�p���[�`�h�â�”

�«�æ�¿�Å�º
u�x�|�º
u�×
��w���[�p�x�K�“�‡�d�œ�}�® −→a ·
−→
b �¢�q�M�O�ø
þ�£�› (D.1) �w�‘

�O�t���[�b�”�q�|�f�•�x�º
u�t�s�l�o�M�”�¯�q	{�X�w�U
Y�`�M�p�b�}�V�j�œ�q	{�Z�y�|�Í

�w�Ë�J�U
R�“�q�j�‡�b�}

���g D.11 �y n �x�w�î
:�w
Ê Rn �x�è	×�w�è�q�µ�§�å�”
��t�0�`�o�Õ�«�Ä�ç�í���q

�s�“�| x = (x1, x2, · · · , xn) ∈ Rn,y = (y1, y2, · · · , yn) ∈ Rn �t�0�`�o�|

(x,y)Rn =

n∑
k=1

xkyk(= x1y1 + x2y2 + · · ·+ xnyn) (D.35)

�q�b�•�y�| (x,y)Rn �x�Õ�«�Ä�ç�í�� Rn �t�º
u�›�)�Q�”�}

�º
u�t�4�Q�È�U
Ç�M�o�M�”�\�q�t�«�™�`�o�X�i�^�M�¢�\�•�x�\�w�™�t�‹	\�‚�”�‘�O�t�|

	í�‘�s	��¨�w�º
u�U���O�b�”�\�q�t�I�¼�`�o�M�‡�b�£�}�\�w���g�T�’�|�â�”�«�æ�¿�Å�í��

�›�k�µ�t���[�b�”�\�q�U�p�V�‡�b�}

���[ D.12�¢n �Í�i�â�”�«�æ�¿�Å�í���£� �
Rn �t (D.35) �p���[�^�•�”�º
u�›�)�Q�h�º
u�í�� (Rn, (·, ·)Rn) �› n �Í�i�â�”�«�æ�¿

�Å�í�� �q�M�M�|�f�w�º
u�› �â�”�«�æ�¿�Å�º
u �q�M�O�}� �
(D.35) �U�º
u�w 4 �m�w
Q�í�›�ˆ�h�b�\�q�x�¤�×�¬�T�Š�o�S�V�‡�`�•�O�}�\�\�p�|�·�-	ú

�w�§�M
��x�|

*27 �h�i�`�|
²�m�«�t�S�Z�”�™�¯�p
‡�@�=
Q�›���[�b�•�y�|�Û�ï�¯�Ñ�µ�©�”�º
u�x
Y�‹
Q�Ž�Ž�w�º
u�w	Ú�E�›

�ˆ�h�`�‡�b�}�f�\�p�|�Û�ï�¯�Ñ�µ�©�”�º
u�› 
Æ���º
u �q�‘�•�\�q�U�K�“�‡�b�}
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���g D.10 �p���[�^�•�”�‘�O�s�|��
:
¶�.�w�í���t�‹

�º
u�›�)�Q�”�\�q�U�p�V�”�w�p�x�s�M�T�•

�q�M�O�\�q�›�ß�Q�h�w�p�x�s�M�p�`�•�O�T�}�f�w�'
Ý�x
Y�`�X�|��
:�‰�œ�w�º
u�U�Ž�<�w

�‘�O�t���[�p�V�‡�b�}

���g D.12 �y f, g ∈ C([a, b]) �t�0�`�o�|

(f, g)L2 =

∫ b

a

f(x)g(x) dx (D.36)

�q�b�•�y�| (f, g)L2 �x C([a, b]) �t�º
u�›�)�Q�”�}�\�w�º
u�› L2 �º
u �q�M�O�}*28

�È����
:�w
u�x�È����
:�p�K�“�È����
:�x [a, b] �p
u
ü�D�ó�s�w�p�| (D.36) �w�È�%�x�V�j

�œ�q���[�^�•�o�M�”�\�q�t�«�™�`�o�X�i�^�M�}�^�o�| (D.36) �U�º
u�w
Q�í�›�ˆ�h�b�\�q

�›�¬�T�Š�s�M�q�M�Z�s�M�w�p�b�U�|
‡�@�=
Q�›�Ô�b�\�q�U�ô�Í
\�t�q�l�o�x	—�`�É�`�M�p

�b�¢�È��
Q�› ϵ-δ �Ü�t���[�`�s�M�q�M�Z�s�M�£�}�h�i�`�|�®�G�¶�w�r�œ�s
•
u
ü�¶�w�­�J	{

�t�‹�L�l�o�M�”�¯�q�M�O�¨�w�Ä�î�p�‹�s�M�w�p�|�\�\�t�t	Â�›	{�M�o�S�V�‡�`�•�O�}


‡�@�=
Q�›�¬�h�b�\�q�w�t	Â

�®f = 0⇒ (f, f)L2 = 0�¯�x�Ì�’�T�s�w�p�|�® (f, f)L2 = 0⇒ f = 0�¯�›
��g�O�p	Â

�Ì�`�‡�b�} f �U [a, b] �t�S�M�o�Ã�s�$�t 0 �p�s�M�q�>���b�”�q�|

f(x0)
2 > 0 · · · (∗)

�q�s�”�‘�O�s x0 ∈ [a, b] �U���O�`�‡�b�}�b�”�q�| f �w�®�È��
Q�¯�T�’ x0 �w	G
ü�Ù

�X�p�x�•�x�“ (∗) �U
R�“�q�l�o�M�”�¢�\�\�›�¡�•�=�`�o�M�”�‚�£�w�p�|	G
ü	–�^

�M δ �t�0�`�o x ∈ [x0 − δ, x0 + δ] �s�’�y�| f(x)2 > 0 �U
R�“�q�j�‡�b�¢�h�i�`�|

[x0 − δ, x0 + δ] �U
��t [a, b] �t���‡�•�”�‘�O�t	G
ü	–�^�X δ �›�q�“�‡�b�£�}�b�”�q�|


Y�‹�w��
:�x
u
ü�à���U	–�^�X�s�•�y�f�w
u
ü�‹�‹	–�^�X�s�”�\�q�T�’�|∫ b

a

f(x)2 dx >

∫ x0+δ

x0−δ

f(x)2 dx > 0

�U�˜�’�•�‡�b�U�|�\�•�x�>���w (f, f)L2 =
∫ b

a
f(x)2 dx = 0 �t�Ã	l�`�‡�b�} �

*28 �®L� �̄x Lebesgue�¢�ç�Õ�”�¬�£�q�M�O
:�¶	��w�„���È�›�q�l�h�‹�w�p�b�}�f�w�g���x�| L2 �º
u�x�f�w
u


ü�› Lebesgue 
u
ü�p�r	
�b�”�\�q�t�‘�l�o�f�w
��A�›
C�4�b�”�T�’�p�b�}�\�w�\�q�t���`�o�x�™�p�‡

�h	\�‚�‡�b�}
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L2 �º
u�q�M�O
u
ü�›�;�M�h��
:�‰�œ�w�º
u�›���[�`�h�˜�Z�p�b�U�|�f�•�x	s�_�w
��t

�q�l�o�G�!
Æ�¥�^�s�‹�w�p�x�s�M�p�`�•�O�T�} L2 �º
u�w	ú�›
†�Ì�b�”�h�Š�t�|�â�”�«

�æ�¿�Å�º
u�q L2 �º
u�w���[�›	{�V���‚�o�ˆ�‡�b�}

(x,y)Rn =
n∑

k=1

xkyk

(f, g)L2 =

∫ b

a

f(x)g(x) dx

�\�w 2 �Ü�›�_�o�|�?�T�>
Ç�V�‡�d�œ�T�•�à
ü�{
u�O�›�¥�M�I�\�d�y�˜�T�”�‘�O�t�|
u
ü�q

�x
‡	×�t�G�v�ú�t�M�Q�y�|
•	–�s�Õ�M���w�®�è�¯�w�Ã�v�›�™�¯�`�o�M�‡�`�h�¢�f�‹�f�‹�f

�•�U
u
ü�w���[�p�b�£�}�f�w�‘�O�s�®
∫

�x
∑

�w�È���Ì�”�´�ã�ï� �̄q�M�O� �Ý�”�´�›�Ë�l�o

�M�•�y�| 2 �m�w�º
u�w�(�U�“�U�_�Q�o�V�‡�d�œ�T�•
ª� �$�t�T�Z�y�|

L2 �º
u�q�x�m�„�$�s�è�p���[�^�•�h�â�”�«�æ�¿�Å�º
u�›

�È���$�s�è�¢
u
ü�£�t�¦�Á�`�h�‹�w�p�K�”

�q�M�O�\�q�t�s�“�‡�b�¢�® dx �x�r�O�`�h�‚�•�¯�q�I�T�M�\�q�U�>�t�s�”
��x�| L2 �º
u�›�|

�à���w�Õ�^ b− a �p�Â�l�o�®���É�=�¯�`�h�‹�w�q�`�o���[�`�‡�`�•�O�£�}

�^�o�|�º
u�›���[�`�h�w�p�|�Í�t�Ê�ç�Ü�w���[�t� �“�‡�b�}

���[ D.13�¢�Ê�ç�Ü�£� �
�Õ�«�Ä�ç�í�� V �w�i x �t�0�`�o�|�î
: ∥x∥ �U�0� �`�|�Í�w
Q�í�›�¬�h�b�q�V�| V �t

�Ê�ç�Ü�U�)�Q�’�•�h�q�M�M�| ∥x∥ �› x �w�Ê�ç�Ü �q�M�O�}

(1) 
Y�‹
Q
∥x∥ = 0

(2) 
‡�@�=
Q
∥x∥ = 0⇔ x = 0

(3) 
j�Í
Q
∥αx∥ = |α|∥x∥

(4) �~�¯
Æ�s�Ü�¢�¼�C�O
Q�£

∥x+ y∥ 5 ∥x∥+ ∥y∥

�s�S�|�Ê�ç�Ü�U�)�Q�’�•�h�Õ�«�Ä�ç�í���› �Ê�ç�Ü�í�� �q�M�M�| (V, ∥ · ∥) �q
¯�G�b�”�}� �
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���“�&�`�t�s�“�‡�b�U�|�Û�ï�¯�Ñ�µ�©�”�Ê�ç�Ü�x D.2 
…�p	\�‚�h�‘�O�t
‡�@�=
Q�q�~�¯
Æ

�s�Ü�›�ˆ�h�^�s�M�h�Š�Ê�ç�Ü�q�x�M�Q�‡�d�œ�U�|�ó�«�t�‘�“�f�O�‘�y�•�o�M�‡�b�}�‡�h�|

�‹�O	{�T�s�X�o�‹�˜�T�”�q�¥�M�‡�b�U�|�\�•�x D.1 
…�p	\�‚�h���g D.3�¢�â�”�«�æ�¿�Å�Ê

�ç�Ü�w
Q�í�£�q�‰�a�p�b�v�}�f�`�o�|�î�x�Í�w���g�U�Ô�b�‘�O�t�º
u�í���x�×�ˆ�$�t�Ê�ç

�Ü�í���t�s�“�‡�b�}

���g D.13 �y�º
u�í�� (V, (·, ·)) �t�S�M�o�| x ∈ V �t�0�`�o�|

∥x∥ =
√

(x,x) (D.37)

�q�S�Z�y�| ∥x∥ �x V �t�Ê�ç�Ü�›�)�Q�”�}�\�w�Ê�ç�Ü�› �º
u�T�’�‹�T�•�h�Ê�ç�Ü �q

�M�O�}

�\�\�p�|�\�w���g�¢ (D.37) �p���[�^�•�h ∥x∥ �U�Ê�ç�Ü�w���[�›�ˆ�h�b�\�q�£�w	Â�Ì�x�î

�x�‹�O�ì�ƒ�`�o�M�‡�b�}�q�M�O�w�‹ D.1 
…�t�S�M�o�|�®�â�”�«�æ�¿�Å�Ê�ç�Ü�›���[�`�¢��

�[ D.2�£�|�f�w�â�”�«�æ�¿�Å�Ê�ç�Ü�w
Q�í�¢���g D.3�£�›�â�”�«�æ�¿�Å�º
u�w
Q�í�¢���g

D.1�£�w�ˆ�›�;�M�o	Â�Ì�`�h�\�q�¯�›�¥�M	Z�`�o�X�i�^�M�}���[ D.2 �q���g D.13 �t�S�Z

�” (D.37)�|���g D.3 �q���[ D.13�¢�Ê�ç�Ü�w���[�£�|���g D.1 �q���[ D.11�¢�º
u�w���[�£

�U�f�•�g�•�0� �`�o�M�”�\�q�›�ß�€�b�•�y�| D.1 
…�q�‡�l�h�X�‰�7�t�`�o�| (D.37) �p���[

�^�•�h ∥x∥ �U�Ê�ç�Ü�w���[�›�ˆ�h�b�\�q�U�º
u�w���[�w�ˆ�›�;�M�o	Â�Ì�^�•�”�w�p�b�}

�\�w�Ë�J�›�;�M�”�\�q�p�| x ∈ Rn, f ∈ C([a, b]) �t�0�`�o�|

∥x∥Rn =
√
(x,x)Rn =

√√√√ n∑
k=1

|xk|2 (D.38)

∥f∥L2 =
√
(f, f)L2 =

√∫ b

a

|f(x)|2 dx (D.39)

�q�M�O�Ê�ç�Ü�U���[�p�V�|�\�•�’�›�f�•�g�•�| �â�”�«�æ�¿�Å�Ê�ç�Ü �| L2 �Ê�ç�Ü �q�M�M�‡

�b�¢
ˆ�0�‹�x
Ç�Z�o�‹
Ç�Z�s�X�o�‹�‹�x�!�˜�“�‡�d�œ�U�|�\�•�‹�ó�«	Í
Ç�Z�’�•�”�\�q�U

���M�p�b�£�} Rn �Ê�ç�Ü�x�q�‹�T�X�|
u
ü�›�;�M�o���[�^�•�” L2 �Ê�ç�Ü�U�Š�p�t�Ê�ç�Ü�w


Q�í�›�ˆ�h�b�T�r�O�T�x�i�R�‡�l�h�X�Ì�’�T�p�x�K�“�‡�d�œ�}�`�T�`���g D.13 �x�|�®�r

�œ�s���p���[�^�•�‘�O�q�f�•�U�º
u�w
Q�í�›�ˆ�h�b�w�p�K�•�y�| (D.37) �p���[�^�•�”�‹

�w�¢�ø
þ�£�x�×�ˆ�$�t�Ê�ç�Ü�t�s�”�¯�q�M�O�\�q�›	��Á�`�o�M�”�w�p�b�}�\�•�U�|�º
u�›

�é�.�$�t�)�Q�”�w�p�x�s�X�¨	Å�$�t���[�`�h�\�q�w�š�b�ù�q�M�Q�‡�b�} �¨	Å�=�w�š�b�ù�m

78



�M�p�t	{�M�o�S�X�q�|�Í�w 2 �m�w
Æ�s�Ü∣∣∣∣∣
n∑

k=1

akbk

∣∣∣∣∣ 5
(

n∑
k=1

|ak|2
)1/2( n∑

k=1

|bk|2
)1/2

∣∣∣∣∣
∫ b

a

f(x)g(x) dx

∣∣∣∣∣ 5
(∫ b

a

|f(x)|2 dx

)1/2(∫ b

a

|g(x)|2 dx

)1/2

�x�|�r�j�’�‹�®�³�á�ë�ç�À�w
Æ�s�Ü�¯�q�`�o�|�ô�Í
:�¶�w���‘�w�o�i�p�J	Ô�`�h�\�q�p

�`�•�O�}�`�T�`�|�\�•�’ 2 �m�w
Æ�s�Ü�w�Š�í�x�|�Õ�«�Ä�ç�w�º
u�q�Ê�ç�Ü�w���t
R�“�q�m

����
|(x,y)| 5 ∥x∥∥y∥

�|�b�s�˜�j D.1 
…�p	Â�Ì�`�h�³�á�ë�ç�À�w
Æ�s�Ü�¢���g D.4�£�i�l�h�w�p�b�}�î�M�|
²	�

�x�â�”�«�æ�¿�Å�º
u�q�â�”�«�æ�¿�Å�Ê�ç�Ü�|�™	��x L2 �º
u�q L2 �Ê�ç�Ü�p�³�á�ë�ç�À�w


Æ�s�Ü�›�ß�Q�•�y�M�M�p�b�v�¢���“�&�`�t�s�“�‡�b�U�³�á�ë�ç�À�w
Æ�s�Ü�x �b�‚�o�w �º


u�í���t�S�M�o
R�“�q�j�‡�b�‚�£�}���‘�w�%�›�`�o�M�h�‹�w�U�¨	Å�=�q�M�O�^�À�›�&�o�w

�°�^�•�”�q�M�O�w�x�|
:�¶�p�‘�X�I�\�”�\�q�p�K�”�q�‰�Ì�t�|�T�s�“�w�ò�ˆ�›�)�Q�o�X�•

�”	`���p�K�”�q�¢	—�s�X�q�‹�²�x�£�¥�M�‡�b�}

�7�™�t�|�\�w
Ç�å�w�»� �Ä�ç�p�‹�K�”�2�?�Ï���q�º
u�w�����›�‡�q�Š�‡�`�•�O�}�2�?�$

�“�æ�q�M�O�q�|�Š���p�±�Ž�l�z�X	\�‚�o�V�h�‘�O�t�Õ�^�q�¯�U�•�U�“�‡�b�}�‡�c�|�Õ�«�Ä

�ç�w�Õ�^�x�Ê�ç�Ü�q�`�o���[�^�•�‡�b�}�î�M�|�â�”�«�æ�¿�Å�Ê�ç�Ü (D.38) �w���[�›�_�”

�q�\�•�x���Ø�2�?�t�S�Z�”�Ð�»�°�å�µ�w���g�w�¦�Á�q�s�l�o�M�”�w�p�|�Ê�ç�Ü�›�Õ�«�Ä

�ç�w�Õ�^�q�`�o�>�;�b�”�%�p
Q�U�˜�T�”�q�¥�M�‡�b�}�‡�h�| 2 �m�w�Õ�«�Ä�ç x,y �w�s�b

�¯�x�|

cos θ =
(x,y)

∥x∥∥y∥

�›�¬�h�b θ �q�`�o�|�º
u�q�Ê�ç�Ü�›�;�M�o���[�^�•�‡�b�}�\�w���[�x�| D.1 
…�p	\�‚�h

(D.19) �q�‡�l�h�X�‰�7�t�`�o�|�³�á�ë�ç�À�w
Æ�s�Ü�q�M�O�b�‚�o�w�º
u�í���t�m�M�o
R

�“�q�m�Ä�î�w�ˆ�›�;�M�o�™�¯�›�Ë�h�d�”�\�q�U�p�V�‡�b�}�`�h�U�l�o�|�Ê�ç�Ü�U�º
u�t

�‘�l�o���[�^�•�”�q�M�O�Ä�î�›�¥�M	Z�d�y�|

�º
u�U�>�‡�•�y�|�Õ�^�q�¯�U�×�ˆ�$�t�>�‡�”

�q�M�O�\�q�U�g�r�p�V�”�q�¥�M�‡�b�}�^�’�t�|�²�h�j�x D.1 
…�w�7�™�t�º
u�›�;�M�o�®�Ú

�¦�¯�q�M�O�“�æ�›�‹�Ö�`�|�^�’�t�Ð�»�°�å�µ�w���g�›�º
u�w
Q�í�w�ˆ�›�;�M�o�Ô�`�‡�`
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`�w�º
u�í���t�¦�Á�b�”�\�q�U�p�V�”�w�p�b�}�`�h�U�l

�o�|�Õ�^�|�¯�|�Ú�¦�|�Ð�»�°�å�µ�w���g�q�M�l�h�2�?�t�S�M�o	O�A�s�“�æ�•���g�U�b�‚�o
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�º
u�q�M�O�“�æ�w�¤�t�2�?�$�“�æ�U�ì
¶�t	��“���‡�•�o�M�”

�q�M�O�\�q�w�
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…�p���[�`

�h �2�?�¶ �x�|

�º
u�í���›�Ð�‚�”�g�æ

�q�‘�“�¿�X
��X�6�r	
�p�V�”�w�p�b�} *29

�^�’�t�|���‡�p	\�‚�h�\�q�w���w�_�M�q�`�o�|

�²�h�j�U�â�”�«�æ�¿�Å�í���p�`�T���[�^�•�s�M�q�¥�l�o�M�h�Õ�^�•�¯�q�M�l�h�“�æ�x

�º
u�q�M�O�“�é�›�;�M�”�\�q�t�‘�l�o�Õ�«�Ä�ç�í���q�M�O�‘�“�¿
c�s�í���t�¦�Á�p�V�”

�q�M�O�‹�w�U�K�“�‡�b�}�õ�t�b�•�y�|

�º
u�U�Õ�«�Ä�ç�í���t�2�?�Ï���›�\�`�’�Q�”

�q�M�O�\�q�p�b�}


Ç�å�w
Ç�å�y �º
u�í���q�r
s�Ï��


Ç�å D �w
Ç�å�q�`�o�|�º
u�U�Õ�«�Ä�ç�í���t�2�?�Ï���w�ˆ�s�’�c�r
s�Ï�� *30�›�‹	��“

�Ö�•�”�q�M�O�\�q�›
†�Ì�`�|�^�’�t
:�g
ú�g�¶�p�G�!	O�A�s�þ�Â�›�L�h�b�Î�ç�Õ�ç�Ä�í��

�w
†�Ì�›�`�h�M�q�¥�M�‡�b�¢�®�Î�ç�Õ�ç�Ä�¯�q�M�O�Ê	¶�x�| 19 
H�D�T�’ 20 
H�D�t�T�Z�o


:�¶�„�t�µ�Ë�›�I�\�`�h�q�M�˜�•�”�G
:�¶	��¼�Ñ�Ÿ�¿�Ä�~�Î�ç�Õ�ç�Ä�w�Ê
²�T�’	��l�o�M

�‡�b�£�}�h�i�`�|�r
s�$�“�æ�q�x
•
ü�•
u
ü�w�“�æ�w�<�;�q�s�”�Ã�v�“�æ�w�\�q�›�¦�b�‹

�w�q�`�‡�b�}

*29 �Š���p�‹	\�‚�‡�`�h�U�|�ù�è�2�?�¶�w�‘�O�t�\�w���[�p�x	)�‡�“�V�’�s�M�2�?�¶�‹���O�`�‡�b�¢�h�i�`�|

�ù�è�2�?�¶�w	Ô�ù�º
u�w�“�æ�›�O�‡�X�¦�Á�b�•�y�|�ù�è�í���›�º
u�í���w�‘�O�t�¥�Q�”�q�w�\�q�’�`�M�w

�p�b�U�|�’�æ�s�U�’�f�w
æ
ü�x�²�w�g�r�w
c�]�›�Ò�Q�o�M�‡�`�h ...�£�}�‡�h�|�æ�”�Ú�ï�2�?�¶�w	Ô�ù�x�G

�v�ú�t�M�Q�y�|�®�¤�:�t�S�Z�”
€�í���¯�›�º
u�í���q�`�o�ß�Q�o�M�”�q�¥�l�o�X�i�^�M�}
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�O�t�?�t�0� �^�d�o�®�r
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�^�o�|�î
:	Í�p�x�Ã�v�x�Ž�<�w�‘�O�t���[�^�•�o�M�‡�`�h�}

���[ D.14�¢R �t�S�Z�”	)���£� �

:�» {an} �q�î
: α �t�0�`�o�|

|an − α| → 0 (n→∞)

�U
R�“�q�m�q�V�| {an} �x α �t 	)���b�” �q�M�M�| α �›�f�w �Ã�v �q�M�O�}� �
�m�‡�“	)���q�x�|�® n �U	G
ü�G�V�M�q�V�t an �q α �w�‘�m�U 0 �t�Ù�n�X�¯�q�M�O�\�q�p�b�}

�\�\�p�|�¢
√
x2 = |x| �‘�“�£
ˆ�0�‹�U 1 �Í�i�â�”�«�æ�¿�Å�Ê�ç�Ü�t�s�l�o�M�”�\�q�t�«�™

�`�o�\�w���[�›�_�o�ˆ�”�q�|

�Ê�ç�Ü�U���[�^�•�o�M�”�í���¢�Ê�ç�Ü�í���£�s�’

�â�”�«�æ�¿�Å�í���q�‰�7�t�Ã�v�›���[�p�V�”�w�p�x�s�M�T�•

�q�M�O�'
Ý�U�q�m�\�q�p�`�•�O�}�î�M�|�Í�w�‘�O�t���[�^�•�‡�b�¢�ó�«�t�`�h�U�l�o�|�Õ

�«�Ä�ç�í���w�G�ø�› X �t�!�Q�o�M�‡�b�£�}

���[ D.15�¢�Ê�ç�Ü�í���t�S�Z�”	)���£� �
(X, ∥ · ∥) �›�Ê�ç�Ü�í���q�b�”�}��
:�» {fn} ∈ X �q��
: f �t�0�`�o�|

∥fn − f∥ → 0 (n→∞)

�U
R�“�q�m�q�V�| {fn} �x f �t 	)���b�” �q�M�M�| f �›�f�w �Ã�v �q�M�O�}� �
���g D.13 �p�_�h�‘�O�t�º
u�U���‡�•�y�Ê�ç�Ü�U���‡�“�|	Í�w���[�T�’�Ê�ç�Ü�U���‡�•�y

	)���U���‡�“�‡�b�} *31 �b�s�˜�j�|

�º
u�x�Õ�«�Ä�ç�í���t�r
s�Ï���›�)�Q�”

�q�M�O�\�q�p�b�}

*31 �h�i�`�|��
:�í���¢��
:�w�m�X�”�í���£�w	Ô�ù�|�Õ�”�µ�q�s�”�í���U�‰�a�p�‹�Ê�ç�Ü�w�)�Q�M�t�‘�l�o��

�‡�”	)���‹�!�˜�l�o�V�‡�b�}�«�Q�y�| C([a, b]) �t�x L2 �Ê�ç�Ü�Ž�Ž�t�‹ ∥f∥max = max
x∈[a,b]

|f(x)| �p���[

�^�•�”�Ê�ç�Ü�›�)�Q�”�\�q�U�p�V�‡�b�}

81



�Í�t�|�Î�ç�Õ�ç�Ä�í���q�M�O�‹�w�t�m�M�o
†�Ì�`�|�\�w
Ç�å�›	4�˜�“�h�M�q�¥�M�‡�b�}

���o�t�x�|

�Î�ç�Õ�ç�Ä�í���q�x�â�”�«�æ�¿�Å�í���›�r
s�¶�t�&�b�”�‘�O�t�¦�Á�`�h�í��

�q�M�O�\�q�U�p�V�‡�b�}�®�r
s�¶�t�&�b�”�‘�O�t�¯�q�M�O
æ
ü�U���”�s�w�p�|�\�\�›
:�¶

�$�t�V�j�œ�q	\�‚�o�ˆ�‡�`�•�O�}�‡�c�|�Í�w���[�›�_�o�ˆ�o�X�i�^�M�}

���[ D.16�¢�¯�”�³�”�»�£� �
(X, ∥ · ∥) �›�Ê�ç�Ü�í���q�b�”�}��
:�» {fn} ∈ X �t�0�`�o�|

∥fm − fl∥ → 0 (m, l→∞)

�U
R�“�q�m�q�V�| {fn} �› �¯�”�³�”�» �q�M�O�}� �
���[ D.17�¢�ì
‹
Q�£� �

�Ê�ç�Ü�í�� (X, ∥ · ∥) �w�Ú�™�w�¯�”�³�”�»�U X �º�t�Ã�v�›�Ë�m�q�V�|�Ê�ç�Ü�í��

(X, ∥ · ∥) �x �ì
‹�p�K�” �q�M�O�}� �
�T�s�“�¨	Å�$�s���[�s�w�p�|�¯�Ý�ï�Ä�`�o�S�V�‡�`�•�O�}�¯�”�³�”�»�q�x�®
j�ø�U�G�V�X

�s�”�t�`�h�U�l�o�“�M�t�‘�m�U�Ù�n�M�o�M�X�»�¯�p�b�U�|�f�w�‘�O�s�»�U
ž�c�r�\�T�w�:

�t	)���b�”�q�V�|�f�w�‘�O�s�í���›�ì
‹�q�M�O�w�p�b�}�\�•�x�ß�Q�o�ˆ�•�y�×
µ�s�A
e�p

�K�“�|�‰�`�–�ì
‹�p�s�M�í���w�M�U�§�è�ò�U�G�V�M�w�p�x�s�M�p�`�•�O�T�¢�®�S�“�M�t�Ù

�n�M�o�M�X�w�t�|�7	4�$�t�r�\�t�‹	)���`�s�M�¯�s�œ�o�O�p�b�‘�v�£�}�î�M�|�²�h�j�U�ó

�•
��`�œ�p�M�”�â�”�«�æ�¿�Å�í�� Rn �x�ì
‹�s�í���t�s�l�o�M�‡�b�}�ì
‹�s�í���w	Ô�ù�|

�â�”�«�æ�¿�Å�í���q�„�…�‰�7�t�`�o	)���t���b�”�^�æ�U�p�V�|�f�•�x�b�s�˜�j
•
ü�•
u
ü

�w�^�æ�‹�p�V�”�q�M�O�\�q�›�™�¯�`�o�M�‡�b�}�r
s�¶�q�x�G�v�ú�t�M�Q�y
•
u
ü�w�g�æ�p

�K�”�w�p�|�\�•�’�w�\�q�T�’�|

�ì
‹�s�í���q�x�r
s�¶�t�&�`�h�í���p�K�”

�q�A�æ�n�Z�”�\�q�U�p�V�‡�b�}�‹�j�–�œ�ì
‹�p�s�M�í���x�M�X�’�p�‹���O�`�o�|�Ê�ç�Ü�í

�� (C([a, b]), ∥ · ∥L2) �U�f�w�«�t�s�l�o�M�‡�b�} *32�h�i�`�|�ì
‹�p�s�M�í���¢	)���w�^�æ�U

*32 �h�i�`�|�Ê�ç�Ü�í�� (C([a, b]), ∥ · ∥max) �x�ì
‹�t�s�“�‡�b�}�\�w�\�q�x�|��
:�í���x�Ê�ç�Ü�w�)�Q�M�t

�‘�l�o�‡�l�h�X
Q�í�U�Ÿ�s�”�‹�w�t�s�”�\�q�›�Ô�b�·�«�q�s�l�o�M�‡�b�}

82



�‡�q�‹�t�p�V�s�M�‘�O�s�í���£�U�r
s�¶�p�–�˜�•�”�\�q�x�K�‡�“�K�“�‡�d�œ�}

�p�x	j
‹�U
T�l�h�w�p�|�Î�ç�Õ�ç�Ä�í���›���[�`�‡�`�•�O�}

���[ D.18�¢�Î�ç�Õ�ç�Ä�í���£� �
�º
u�í�� (X, (·, ·)) �U�|�f�w�º
u�T�’�‹�T�•�”�Ê�ç�Ü�t�‘�l�o�ì
‹�p�K�”�q�V�|�º
u

�í�� (X, (·, ·)) �› �Î�ç�Õ�ç�Ä�í�� �q�M�O�}� �
�º
u�U�í���t�2�?�Ï���›
Ê�ˆ���‰�q�M�O�\�q�q�|
²	\�`�h�ì
‹�p�K�”�\�q�w�™�¯�›�ß�Q

�•�y�|

�Î�ç�Õ�ç�Ä�í���q�x�|�2�?�Ï���q�r
s�Ï���U�O�‡�X
T�ù�`�h�í��

�q�M�O�\�q�U�p�V�‡�b�}�‹�j�–�œ�|�â�”�«�æ�¿�Å�í�� Rn �x�Î�ç�Õ�ç�Ä�í���t�s�l�o�M�‡

�b�}�\�•�i�Z�p�x�m�‡�’�s�M�w�p�|�‹�O 1 �m�Î�ç�Õ�ç�Ä�í���w�«�›�•�[�‡�`�•�O�}

���[ D.19�¢L2 �í���£� �
[a, b] 	Í�w��
: f �U�|

∥f∥L2 =

∫ b

a

|f(x)|2 dx <∞ (D.40)

�›�ˆ�h�b�q�V�| f �› L2 ��
:�q�M�O�}�‡�h�| L2 ��
:
¶�.�w�í���› L2 �í�� �q�M�M�|

L2([a, b]) �q	{�X�} *33� �
���g D.14 �y (L2([a, b]), (·, ·)L2) �x�Î�ç�Õ�ç�Ä�í���q�s�”�}

�^�o�|�o�„�p�®�Î�ç�Õ�ç�Ä�í���q�x�|�â�”�«�æ�¿�Å�í���›�r
s�¶�t�&�b�”�‘�O�t�¦�Á�`

�h�í���¯�q	{�V�‡�`�h�U�|���‡�p�w�é�i�Z�p�x�?�›�r�O�¦�Á�`�h�w�T�‘�X�˜�T�“�‡�d�œ

�v�}�‡�c�|�â�”�«�æ�¿�Å�í���x���v�Í�i�w�Õ�«�Ä�ç�í���p�K�”�q�M�O�\�q�›�«�™�`�q�V�‡

�b�}�\�\�p �Í�i �q�x�|� �Ý�”�´�p
†�Ì�b�•�y�|�®�2
ª�à�w�Š
:�¯�q�M�l�h�ò�a�p�b�}�«�Q

*33 �î�M�t�x�| (D.40) �t�S�Z�”
u
ü�›�ç�Õ�”�¬
u
ü�p�r	
�`�h�‹�w�U L2 ��
:�w���[�p�K�“�}�f�•�•�Q f �t

�x�®�D���¯�q�M�O	Ú�E�U
ž�A�t�s�“�‡�b�}�`�T�‹�| L2([a, b]) �t�S�M�o ∥ · ∥L2 �x
‡�@�=
Q�›�ˆ�h�^�c�Ê

�ç�Ü�t�s�’�s�M�h�Š�|�&�p�s	Ž�í���›�ß�Q�”�q�M�O�4
Y�U
ž�A�t�s�“�‡�b�}

83



�y�| R2 �s�’ 2 �Š�w�2
ª�à�q�s�”�‘�O�s�Õ�«�Ä�ç

−→e 1 = (1, 0), −→e 2 = (0, 1)

�U�q�•�‡�b�}�\�•�› R2 �w
Y�F�Ú�¦�,�� �q�M�M�‡�b�¢�®
Y�F� �̄q�x�G�V�^�U 1 �q�M�O�™�¯�p

�b�£�}�\�w
Y�F�Ú�¦�,���¢�2
ª�à�£�U�K�”�\�q�p�|�â�”�«�æ�¿�Å�í���x
‡	×�t�–�M�•�b�M

�‹�w�t�s�l�o�‡�b�}�î�M�|�ô�Í�w
$���ð�J�t�S�M�o�‹�|�2
ª���Ø�¢�í���£�›�O�‡�X�b�;�b

�”�\�q�p���o�t�r�Z�”�\�q�U�K�“�‡�b�v�¢
Ç�å C �p�s�8�w
¯�Ô�Ü�›�{�Š�”�M�t�‹
Y�F�Ú

�¦�,���U�þ�q�l�o�M�h�\�q�›�¥�M	Z�`�o�X�i�^�M�£�}�°�M�| C([a, b]) �• L2([a, b]) �q�M�l

�h�r
s�¶�p	O�A�q�s�”�Õ�«�Ä�ç�í���x�°
`�t�Á�v�Í�i�t�s�“�‡�b�}�\�\�p�|
Ó�è�w�Á�v

�Í�i�Õ�«�Ä�ç�í���t�x
Y�F�Ú�¦�,�� *34�U���O�`�s�M�¢�f�‹�f�‹�º
u�í���p�s�M�q�®�Ú�¦�¯

�U���[�p�V�s�M�£�w�p�b�U�| L2([a, b]) �w�‘�O�s�®�r
s�¶�p
Ã
_�t�J	Ô�b�”�Î�ç�Õ�ç�Ä�í

���¯ *35�t�x
ž�c
Y�F�Ú�¦�,���U���O�b�”�\�q�U	Â�Ì�p�V�‡�b�}�‹�j�–�œ�f�•�x�Á�v�x�K�”

�w�p�b�U�|
Y�F�Ú�¦�,���U�K�”�S�T�[�p�Î�ç�Õ�ç�Ä�í���x
æ
ü�$�t�â�”�«�æ�¿�Å�í���q�‰

�a�‘�O�s�{�M�U�D�ó�t�s�”�w�p�b�}�®�Á�v�x�w
Y�F�Ú�¦�,���U�K�”�¯�q�M�O�:�›�•�‡�Q�o�|

�G�v�ú�t�x�|

�Î�ç�Õ�ç�Ä�í���q�x�â�”�«�æ�¿�Å�í���w�Á�v�Í�i
[�p�K�”

�q�M�O�\�q�U�p�V�‡�b�}�f�w�™�¯�p�|�Î�ç�Õ�ç�Ä�í���x�â�”�«�æ�¿�Å�í���w�¦�Á�q�M�Q�”

�˜�Z�p�b�}�j�s�ˆ�t�|�Î�ç�Õ�ç�Ä�í���s�r�Á�v�Í�i�í���›�Ð�‚�”�g�æ�x ��
:�r
s �q�M�˜

�•�|� 
•
ü�M���Ü�›�r
s�b�”�h�Š�w	O�A�s�“�é�q�s�l�o�M�‡�b�}

�7�™�t�Î�ç�Õ�ç�Ä�í���|�›�t L2([a, b]) �w
:�g
ú�g�¶�•�w� �;�›�_�o�ˆ�‡�`�•�O�}

• �”� �—�¶

�‡�c���Ê�s�q�\�–�p�x�| �”� �—�¶ �w
ã�F�x�Î�ç�Õ�ç�Ä�í���t�s�“�‡�b�}�”� �—�¶�t

�S�M�o�|�{� �w	Ý�6�›
¯�b�þ�ˆ��
:�q�‘�y�•�” 2 �!
:�¢
ó
É
:�‹�£��
: Ψ(x, t) �U

	O�A�s�þ�Â�›�L�h�`�‡�b�}�î�M�|�{� �U [a, b] �t���O�b�”�¬�p�x�| Ψ(x, t) �w x �t��

�b�” L2 �Ê�ç�Ü�|�b�s�˜�j�|

∥Ψ(·, t)∥L2 =

∫ b

a

|Ψ(x, t)|2 dx

*34 �®�,���¯�q�M�O�;� �x���v�Í�i�í���t�S�Z�”�E
:�$�s���v�è�›�È
Ý�^�d�”�w�p�|�Á�v�Í�i�í���p�x�ì
¶
Y

�F�Ú�¦�%�q�M�˜�•�”	Ô�ù�U���M�p�b�}
*35 �k�µ�t�x�D
ü�s�Î�ç�Õ�ç�Ä�í���q�M�M�‡�b�}�®�D
ü�¯�q�M�O	Ú�E�s�`�p�x�|
ž�c�`�‹�Î�ç�Õ�ç�Ä�í���t�ì


¶
Y�F�Ú�¦�,���U���O�b�”�q�x�M�Q�‡�d�œ�}

84



�t
z�«�b�”�q�M�˜�•�o�M�‡�b�}

• �¤�É�ç�ª�”

L2 �Ê�ç�Ü�x �¤�É�ç�ª�” �w�“�æ�q�A�|�m�V
:�g
ú�g�¶�•�w� �;�t�S�M�o�q�o�‹	O�A

�s�‹�w�p�b�¢�á�ˆ�¤�É�ç�ª�”�›�ß�Q�•�y�˜�T�”�‘�O�t�|
ú�g�”�w 2 	Ð�x�¤�É�ç�ª�”

�q�µ
€�t���˜�l�o�M�‡�b�£�}�®�¤�É�ç�ª�”�¯�q	{�X�q
:�¶�q�M�O�‘�“
ú�g�t�J	Ô�b�”

�‹�w�i�q�¥�˜�•�U�j�p�b�U�|
:�g
ú�g�t�S�Z�”
‡
¢��� 
•
ü�M���Ü�›
:�¶�$�t�r
s

�b�”�M�t�x�|�x�‘�w�M���Ü�U�Ë�m�¤�É�ç�ª�”�›�O�‡�X
°�A�b�”�\�q�U	O�A�t�s�l�o

�V�‡�b�}�f�w�‘�O�s
°�A�›�;�M�o� 
•
ü�M���Ü�›�r
s�b�”	��O�› �¤�É�ç�ª�”�O �q�M

�M�|
‡
¢��� 
•
ü�M���Ü�•�w
:�¶�$�ž�Ó�é�”�½�q�`�o�=�T�b�\�q�w�p�V�s�M	��O�q

�s�l�o�M�‡�b�}

�Ž	Í�|�Š
Ç�å�p	\�‚�o�V�h�\�q�›�‡�q�Š�”�q�|

�º
u�x�Õ�«�Ä�ç�í���t�2�?�Ï���q�r
s�Ï���›
\�ˆ	Z�b

�q�M�O�\�q�t�s�“�‡�b�}�\�w
Ç�å�›�¡�œ�p�X�•�h
��t�|

�º
u�x�h�i�w�-�‰�U	[�s�r�p�x�s�X�|
:�¶�t�[�8�s
H�„�›�‹�h�’�`�o�X�•�”�“�æ�p�K�”

�q�M�O�\�q�›	—�`�p�‹�g�r�^�d�’�•�h�w�s�’�¾�M�p�b�}

85



�€�ß���Y

�y�‡�c�|�¤�¶�°�å
\�p�‹�¡�ˆ
��Š�’�•�”�¡�ˆ
ú�$�s�€�ß���Y�›	º�p�`�‡�b�}

[1] �$�{	‰
™ ��	.�|�®
ì�0
Q�g�æ�¯�›�¸�`�‰�Š�| PHP ���•�| 1998


ì�0
Q�g�æ�t�m�M�o�|
‡	×�t�˜�T�“�•�b�X	{�T�•�o�M�‡�b�} 2 
…�w�Ï
R�•�º�0�x�|�\

�w�Š�›�G�M�t�€�ß�t�^�d�o�‹�’�M�‡�`�h�}
:�Ü�›�„�q�œ�r�¦�Q�o�M�s�M�h�Š�|
‡	×�t

�¡�ˆ�•�b�M�p�b�}�‡�h�°
`
ì�0
Q�g�æ�w�“�A�›
:�Ü�s�`�p�Œ�“�h�M
��t�‹�S�b�b�Š

�p�b�}

[2] �Ç�á�”�Ä�ï�Ü�¿�«�|
ì�0
Q�g�æ�| �Ç�á�”�Ä�ï�Ó�è�µ�| 2012


ì�0
Q�g�æ�t�m�M�o�|
:�Ü�›�;�M�c�t���?�t�‡�q�Š�’�•�o�M�‡�b�}�Ç�á�”�Ä�ï�p�x�\

�w�Š�Ž�Ž�t�‹���X�w
ì�0
Q�g�æ�t���b�”�Š�U	Z
[�^�•�o�M�”�w�p�|�µ�¯�U�K�”
��x�Ð

�‚�o�ˆ�o�X�i�^�M�}

�y�Í�t�|
ì�0�æ�t���`�o�K�”���S�w�º�0�‡�p�•�ˆ���œ�p�M�o�T�m�¡�ˆ�•�b�M�p�K�–�O

�€�ß���Y�›	º�p�`�‡�b�}

[3] �›�º	i�|�ô�Í
:�¶�p�˜�T�”
ì�0
Q�g�æ�|�è�Š�þ�¢ BLUE BACKS�£�| 2013

BLUE BACKS �T�’�w	Z
[�p�b�U�|�T�s�“�V�j�œ�q�T�m�¸�á�t�›	�
ì�0
Q�g�æ�t�m

�M�o	{�T�•�o�M�‡�b�}�h�i�`�|�H 7 	·�q�H 8 	·�x�ô�Í
:�¶�Ž	Í�w�\�q�‹�;�M�o�M�‡

�b�¢�‹�j�–�œ
†�Ì�x�K�“�‡�b�£�}�‡�h�|
Ç�å B �p	î�•�‡�`�h�U�|�\�w�Š�w�H 5 	·�t�x


ì�0�æ�$�í�”�w���[�w	Z�×�q�|�á�ˆ�M���Ü�›�;�M�h E = mc2 �w�‹	Z�U	{�T�•�o�M�‡

�b�}	—�`�Õ�M�p�b�U�f�•�„�r�É�`�X�x�s�M�w�p�|�µ�¯�K�”
��x�€�ß�t�`�o�X�i�^�M

�¢�™	��w
†�Ì�x�|
•
ü�O�w�g�r�›
²���t�`�o�M�‡�b�£�}

[4] �°
t�a�|�“�é�q�`�o�w
ì�0
Q�g�æ�|�Ô�Š�î�À	Z
[�þ�| 2005

�G�¶�­�F�è�Õ�ç�w�'
‹�Œ�Ý�¢���!
:�w
•
u
ü�q
¢���E
:�£�x
ž�A�p�b�U�|
ì�0
Q�g�æ

�t�m�M�o
:�Ü�›�¦�Q�o�¸�á�t�r
†�`�o�M�”�Š�p�b�}�›
 �b�‚�V�x�|�°
`
ì�0
Q�g�æ�‡

�p�r
†�`�o�M�”�:�p�b�}�h�i�`�|�¸�á�t�r
†�^�•�o�M�”�q�x�M�Q�|�°
`
ì�0
Q�g�æ�w

�è�Õ�ç�x�T�s�“�ô�M�p�b�}

86



[5] �ô�®
�
ñ�|
ì�0
Q�g�æ�U�˜�T�” �1�=�ž� �ï�³�á�»� �ï�w�ß�Q�M�t
-�”�|�U	[
°�æ�þ�|

2011


:�Ü�‹�q�\�–�r�\�–	Z�o�V�‡�b�U�t�?�t�‘�”
†�Ì�•
$�‹���M�w�p�|�T�s�“�¡�ˆ�•�b�M

�Š�i�q�¥�M�‡�b�}�h�i�`�|�V�j�œ�q�¡�‹�O�q�b�”�q�•�x�“�G�¶�­�F�è�Õ�ç�w
:�¶�w�Œ

�Ý�U
ž�A�t�s�“�‡�b�}

[6] J.J. �©�ß�å�Ë�ï �¶�|
‰�±�~�à ���|�Ì�í�w�2�?�¶ �›	��S�‘�|�°
`
ì�0
Q�g�æ�w
:�¶�$

�,
Å�|�³�á�Ó�æ�ï�¨�”�~�Ñ�£�ž�å�”�«�f�˜�| 2003

�J�Ê�w�è�“�|�›	�
ì�0
Q�g�æ�q�°
`
ì�0
Q�g�æ�›
:�¶�›�æ�–�`�o�r
†�`�o�M�”�Š�p

�b�}
‡	×�t�‘�M�Š�i�q�¥�O�w�p�b�U�|�’�æ�s�U�’
ˆ
[�q�s�l�o�M�‡�b�¢�ó� 
[�s�’�‡

�i�ê�Ö�p�V�‡�b�£�}

[7] G. �´�£�Ç�ï�¬�µ �¶�|�•�g
Y
É�~�•�g��
’ ���|�2�?�6�Ö�ó�|� �þ	{�3�| 1996

�J�Ê�x�2�?�p�b�U�|�›	�
ì�0
Q�g�æ�t�m�M�o�‹
:�¶	��è
¢�p	{�T�•�o�M�‡�b�}�f�‹�f

�‹���s�w�æ�è�”�è�2�t
ì�0
Q�g�æ�›
]�“���‹�O�q�¥�l�h�w�x�\�w�Š�U�K�l�h�T�’�p

�K�“�|�ò	��w�>�Ë�j�‹���Š�o�\�\�t�G�`�h�M�q�¥�M�‡�b�}�h�i�`�|�\�w�Š�‹�’�æ�s�U

�’
ˆ
[�q�s�l�o�M�‡�b�}

�y�7�™�t�|
:�¶	��w	��t�‘�l�o	{�T�•�h�€�ß���Y�›	º�p�`�‡�b�}

[8] �Ô
>�Ü�|�r
s�¶	–� �|� �þ	{�3�| 1997


Ç�å A.1�¢�é�”�è�ï�À�!�õ�w�‹	Z�£�›	{�X�t�K�h�“�|�\�w�Š�w 21 
…�›�€�ß�t�`�‡�`

�h�}�h�i�`�|�\�w�Š�×�.�x
ì�0
Q�g�æ�w�Š�p�x�s�X�|�r
s�¶�w�é�J�U�¡�ˆ
~�“���Ü�p

	{�T�•�o�M�‡�b�}�\�w�Š�w�¶	��p�K�”�Ô
>�Ü
Œ
\�x� 
•
ü�M���Ü�æ�p
H�„�$�t���Ê

�s�M�p�|�x�`�U�V�t�‘�•�y�|�\�w�Š�x�r
s�¶�›�¶�…�O�q�¥�l�o�M�”
��²�Z�t	{�T�•�h

�q�w�\�q�p�b�}�G�¶�p	6�O�r
s�¶�U�r�w�‘�O�s�‹�w�T�q�M�O�\�q�t�µ�¯�›�Ë�l�o�M

�”
��x�°�¡�›
¨�Š�‡�b�}�¶
æ�p�¶�•�r
s�¶�w�é�J�x�„�…�â�O�^�•�o�M�‡�b�}

[9] 	ý�ª�Ç�$�|
ú�g�q	Å�w
:�¶�$	~�j�g -�q�E
:�g
ú�g�¶�Ö�ó -�|�ž�q	Z
[�| 2003


Ç�å D.2�¢�Û�ï�¯�Ñ�µ�©�”�í���æ�£�›	{�X�t�K�h�“�|�\�w�Š�›�€�ß�t�`�‡�`�h�}
:�g


ú�g�¶�w
•�ó�H�U	{�M�h�Š�p�K�”�w�p
:�¶�$�t�‹�T�s�“�k�µ�t	{�T�•�o�M�‡�b�U�|�f

�w
ü�G�¶
:�¶�t�ó�•�o�M�s�M�q�¡�ˆ
��Š�”�w�x�G�!�T�‹�`�•�‡�d�œ�}�j�s�ˆ�t�|
ì�0


Q�g�æ�Ž�Ž�t�‹�|�r
s�—�¶�|�?�Ó�>�¶�|�”� �—�¶�s�r�t�m�M�o�‹	{�T�•�o�M�‡�b�}

87


